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ERRATA 

Page 33, line  11:      For    74^    read    74' . 
1 

Page 104, Table heading:   For Data Set 2    read    Date Set 3. 

Page tMt UM U;   Following    and  11.3    thould be a parenthetical 
* 
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remark:   (aa drawn for the full set of data) 
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Part I. 

INTRODUCTION 

On November 25, 19c4,  two aircraft rendezvoused with the R. V. ATLANTIS 
■ 

at a point In the North Atlantic.    The aircraft made a sequence of passes over 

the ATLANTIS and flew back   o base.    Mouths of preparation went into the 

flight,  months of thought went into the problem of what  to do with the data ob- 
• 

tained on the flight and by the ATLANTIS,  and months of work went into the 

r- 

numerical processing of the data. 

The results of the flight were stereo pairs of photographs of the sea sur- 

face.    The ATLANTIS provided base line calibration and wave pole and visual 

observations.   Two of the best pairs of photos were reduced to 5400 numbers 

on a rectangular grid.   The wave pole records were reduced to a time series 

of discrete points of about  1,800 numbers each.    The purpose was to take the 

tv.u sets of c400 numbers, estimate the directional spectrum of the waves on 

the sea surface and compare it with the frco^ency spectrum as estimated for 

the thre«   sets of  1800 points read from the wave pole records as a check. 

To go from the 10,800 stereo numbers and the 5,400 wave pole numbers 

to the desired spectra required a total of about 9,000,000 multiplications and 

an equal numbef of additions.    After the directional spectra were computed, 

the results ouiained were inconsistent with the theoretical models,  and the 

stereo data had to he carefully re-analyzed with the result that part of the 

data had to be discarced.    Tht  5400 numbers v.rre reduced to about  3500 

numbers,   and ihe compilations  *erf  don*- o\er again. 

• 



This task has just been accomplished,   and the purpose of this report 

is to tell how the operation was planned,  how the data were obtained,  and how 

the computations were made.    Finally,   the results obtained will be analyzed 

and interpreted.    The original data,  the reduced data,  and the results of all 

computations are included in both pictorial and tabular form. 

As this report is studied by its readers,   it will become apparent that it 

would never have been written were it not for the combined efforts of a very 

large number of people with diverse talents and abilities.    They represent a 

wide variety of U.S.  Navy organizations and civilian research organizations. 

g 
As many as possible have been mentioned and thanked m this report, but some 

who hwe helped immensely in this work remain anonymous because it is not 

possible to list them all.    Our thanks are extended to all individuals who 

helped in this work and to all cooperating groups,  and the hope is expressed 

that the final  analysis  of the results will prove  of sufficient value to justify 

the tremendous effort expended on this task. 

• 
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This part concersa the «.r/aigev.rvv-itc, vneetiag«,  r.{ti«.i;I l«tt#rS|  it*" 

cussicxxs asir. exchangeH of ideas that V7^;:t ir-t«> bringir.^ tfigether ivi.^ n\»aiy di- 
■ 

verse pecrptle nrf agencias vrho cwstributcf* tr« SWOP aiu«'. -.vith.rrit wr:.»'se .JC«'«.'.«*- 

ance SWOP would not üave KttCCMMtaA« 

TÄe pqftiiSifa aß first preaeatc»! ix the falv of 1953 ^-.p y r>btaiK a» \c :.> 
I 

rate repreÄeEiation of the directi jaal ^ropertlee of real. »CMJI wave^.    fhm 

first job was to try to fiod cut v/h^ther ox act tä'* proptifle^i plar -«'aa feasible 

anc to get aw' review the critical tgiLiio^ of others s,p( to  vhcri^.^r or not it 

neede*' doing.    Marks had b«e3t atud/Liig waves by iftrM t>r1inlfHii|  rr^t or. a. 

much reJuced seals.    By taking ihotogra^ha fmm K bridge, l-:«e w.« ib.> x get 

usef.il data on the tvro»-dir? •  RI^MKI vr.ve spectrum .»r a rath^i ttllllltd fetch. 

This, however, was quit' ^t thing fr^m tikicij t-texeo-vLotoe from 

airplaces .'ar out in the oper oc;aa.   Letter? were Jrrlttea to pei^l« dodxg ^J.VC 

research atking their opinion    Ir. the replies th-.^re wa-» general agr*:«';. »^t 

that a good statictical treatment x- a whole arss. of tLe s^a sr rlats wma *•€«•» 

wm.u | before the as,rt .if uadcrstaÄdiAg waves couM be jnuci. ad'/a:.i~e'i.    i- a LtttCX 

to the author ia February 19>4,  Waiter Mu^}:, of tl^e SIC,  itat^i Uttt  '.... 

tike two-<lintesjsloiÄl analysis it* ccrtelaly the e3 3eati\.'. problem zyrwr.    Ic fact, 

I have some serious doubts a& to whether mrther extea-sive wk   »r. freq«?«:...'/ 

analysis of recoros take-i at a single point is eve^. worthwhil-e.    If t/r.« csei ?. 

spectral presentation of waves,  ozo snoulc rea?!-/ g-; r" tht way or rv , ttail. ' 
3 
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Atajr^d »hat the study was needed,   the first o( s long series of letters. 

"/ffisJ «nd otherwise,   which helped bring together *I1 the necessary people 

■ .-.d components which were needed to make the plan succeed were written. 

In addition to the actual task of taking the photos under auitabJe wave con- 

ditions the data had to be analysed on a stereo planigraph or similar instru- 

ment and facilities for the immense task of computing the required quantities 

with high speed digital computors had to be obtained. 

The first piece of official correspondence on SWOP in the files is dated 
i 

November 9,   1953.    It was a formal letter from the Chief of Naval Research 

to the Chief of Naval Operations outlining the reasons for the SWOP project 

and asking for certain services.    Cameras,  airplanes and a radio link for 

t ring the cameras were requested.    The letter went via the Bur-au of Aero- 

nÄutics for comment.    It picked up a favorable endorsement recommending 

b^al the project be assigned to the Photographic Squadron VJ-62 in Sanford, 

1   rida.    To the practiced eye of our friends in CNO it was obvious that 

: i   proposed job was much more complicated than the letter indicated. 

The Naval Photo Interpretation Center was asked by CNO to study the 

proposal and comment.    As a result of the review,  a number of critical points 
■ 

were raised.   There were problems of control of aircraft height,  of control oi 

-instance between aircraft, of tilt and of simultaneous firing of the cameras. 

Establishing a pattern that was to become a routine method of solving the 

problems which arose, a conference of all concerned was called to discuss 

each point in detail.    This conference which was held at the Naval Photo- 

4 
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graphic InterpretÄtion Center.   Anacosti«.   lhUryl*ad. on hUrci Z. If M  t* 

described by Marks in Psrt 4 of this report. 

It would have been useless, however, to proceed with plans and the con- 

struction of equipment for SWOP without some assurance that a vessel could 

be made available.   The vessel would have to go to the target area some place 

in the North Atlantic and wait, no one knew exactly how long,  for favorable 

meteorological conditions to occur.   This assurance was given by WHOI. 

The ATLANTIS could be put at the disposal of SWOP given sufficient advance 

notice.    Getting an oceanographic research vessel with a very heavy schedule 

of other "equally important" projects under such circumstances would have 

been extremely difficult without the enthusiastic and understanding co- 

operation of Dr.  Columbus Iselin of WHOI. 

The next item on our critical list was the weather.    The Division of 

Oceanography,   U. S. Navy Hydrographie Office was asked for advice con- 

cerning the best time and place for finding the desired wave conditions. 

A report on this aspect of the work is given in Part 6 of this report. 

The errors which could be anticipated in the data had been estimated 

and it had been shown that significant results could be obtained in spite of 

these errors.    By May of 1954 enough arguments had been mustered to 

permit another try through official channels to get the airplanes and 

cameras we had to have. 

During a conversation with Cdr. James* about the possibility of using 

blimps to do the job, he suggested that NADU was the place to 30 for help. 

s 

♦ONR Air Branch 
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Fart(iM«i«ly.  Car.  HoVtrt M    Wood«.  Commanding Othcer o# the NavmJ Air 

Or%rlupmrni unit.  And Car.  Hoel.  «iso of NADU,   were in Washington on 

•ome other business «nd the problem was discussed with them.   They were 

both interested,  even enthusiastic about our project.   We talked about using 

two of NADU's blimps to do the job.    Their stability,  slow motion and free- 

dom from vibration were particularly appealing.    At last, operational people 

were interested m helping us.    In the next few months the officers and men 

at NADU accepted each problem in the series of many to be overcome in our 

job as a challenge and made it a point to find the best answer in each case. 

It is impossible to give NADU too much credit for the magnificent job they 

did for us. 

On 16 July 1954,  an interoffice memorandum was written explaining the 

necessity of assigning a priority of "B" to our project with NADU.    The 

stringent weather requirements we had to meet and the necessity of being 

able to plan well in advance in order to have the WHOI R/V ATLANTIS,  the 

NADU airships, and the weather all be at the right place at the same tune   , 

were outlined.    The priority was granted and on 19 July a letter was sent 
■ 

from ONR to NADU setting up a project directive for the accomplishment 

of SWOP.    An abstract of the project contained in this letter will provide 

some idea of the plans at this point: 

MThe Naval Air Development Unit will make one flight 
consisting of two aircraft (equipped with trimetrogon 
cameras and an FM radio link for the purpose of triggering 
the two cameras simultaneously) to a target area approximately 
300 to 400 miles out over the North Atlantic.    The Woods Hole 
Oceanographic Institution research vessel "Atlantis" will be 

• 
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Jx tK* rmmet of t!t« tMtgml *r«A m^k.nf a^metmi» aad M 

w»ve oba«rvmti«BS ind prmridLzj a "grouad contr«!" for lh« 
aeriAl photography hj dot»nn'mng accutat« diataac^a Iwf a — 
tie "Atlaatia" and a buoy.    Fertona«: from tko Wooda Halo 
Oce&sogrrpldc Inatltutie« will aaal«t la iaotalUtioa of 
th.e cvneraa and coaatruct tktt FU radio link. " 

The at.ikl-lxa.tioii of tie %lt*Kip* is. the rougi weather they were apt to en- 

counter while Lying our m-.ssion waa a problem.    We expected to lick thin by 

gyrostibL'.zlif ihe ca.inera moun^a. 

On 'f Jul;",  arr*ageTneE.ta were made through our Property Branch for 

t>^e ioar of the follow^jig equipmen.; from the Photographic Diviaion in the 

Bureau of Aeronatu^cs: 

4   CA-8 Mflll reconnal8 83Lu.ce canreras 
2   Gyrostiibllaing mounts 
8   rolla of Topographic Baaef  Panchromatic film 

91/2" x 200' 

BuAer was most cooperv .ve and helpful in loaning ua tk.^.a much needed 

equipmeit, 

Oa 21 J*ly another letter wae seat to NADU from ONR deaignatlag 

Wilbur IwL^TkS or WHOI as ONR fle^d represertt^tlve for t«rf SWOP project. 

Two weeks later i conference was held at South Wevmouth, to set up de- 

tailed spe-lficat on« and plans for SWOP.    Lt. jg.  Chandler was aaaigned to 

organize NADU'« participation fai SWOP.    He,  LCdr Champlln,  Cdr Hoel 

and Ma.rk8 were *ble to clirifj ideas about some of the equipment require- 

ments.    The stiithor went to work :rying to get some of the items not avail- 

able at Woods Hole or NADU which they thought they would need.    The results 

•f the conference ire described by Marks in Part 4.    A most important 

7 
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tmmtil •■•• •*♦ #r« .«.or  'o * h*M49 9*0i  from b.^np« to F1V*«. 

A m«#tiag on th« i^i> ol August m«rk»d «noth«r milestoa« la the step 

by step progress we were mAkinf.    M*rks,  Roiuie,   Whitney Mmä Waiden 

from Woods Hole,  Cdr.  Leffen,   LCdrs.  Finlaysoa, Oocktor, and Price 

from NADC,  two representatives from Hydro,   Plerson from NYU, and my- 

self from ONR attended,  and Cdr.  Wood,  Cdr.  Hoel,  LCdr.  Champlin, 

L Cdr.  Holliagshead and Lt. jg Chandler acted as hosts at NADU.    Thanks 

mainly to the staff at NADU, a detailed program for the accomplishment of 

the operation was worked out.    The participants were assigned various 

tasks and dates were set up for tentative completion of various phases of the 

project. 

As a result of the conference my tasks were to arrange for the develop- 

ment of the film at Bermuda and Anacostia, to get official authorization 

through BuAer for the installation of the cameras on the PZV's by the NADC 

and to get the necessary films and magazines (also through BuAer) sent to 

WHOI. 

A date was set for the test flight,  27 September, and a target, date for 

the actual photographs at sea,  1 October.    Considering the many things that 

still needed doing and the arrangements that had to be made, this was push- 

ing things Just a bit.    But to delay longer would have put us into the winter 

months with less chance of getting Just the right meteorological conditions. 

On 25 October a letter was written to the Naval Photographic Center, 

NAS Anacostia, asking them to develop our black and white and color film 
8 



O  i4inrd bocli during the tr»t flight» for SWOP And thr actual pr jjvct flight •. 

We wanted inunediate development of the test flight film in order to be able 

to check out the photographic system.   The P^V's were to land at Anacostia 

immediately after flying the test hop so that the films could be developed at 
0 

the NPC and inspected by someone from the Photogrammetry Division of the 

U.S. Navy Hydrographie Office for accuracy with a minimum of delay.    The 

test flight was planned for the third week in September.    The results of the 

analysis of the test data and of the data finally obtained are described by 

members of the staff of the Photogrammetry Division of the U. S.  Navy 

Hydrographie Office in Part 6. 

The flight check showed that one of the two cameras sent to Johnsville 

for installation was defective.    Luckily we had originally asked for four 

cameras so we had spares to fall back on.    The Photogrammetry I>iv*4»ion 

at Hydro checked these cameras for us and were able to find two gooti 

cameras for us out of the four BuAer had originally sent. 

On September 16th a letter was sent from ONR to Hydro asking for 

their assistance in providing the required wave forecast.    This request 

was made supplementary to the request for services from the Photogram- 

metry Branch and was intended to be part of the same project.    Hydro,  of 

course, agreed to provide thete additional services.    This aspect of the 

work is also discussed in Part 5. 

On the 29th the test flight was made.    I was waiting at the field at Ana- 

costia for the PZV's to arrive.   It was slightly after the desk workers quit- 

f 
9 



Ung um* when both pj*r.e. touched down.    The m4f««in.. w.rt removed 

from both camera, and taken to the Navy Photo Center for development. 

Later that «ught the film, had been in.pected.    Everything wa. fine except 

thai Uli corner, of the picture, taken from both camera, were blurred.   The 

camera, had been mounted too high up in the fu.elage of the aircraft .o that 

part of the field of vxew wa. being cut off.   Some minor .urgery on the mount, 

wa. all that wa. required.    By the 12th of October everything wa. ready to 

roll and Marks issued detailed instructions to all parties outlining exactly 

what and how each was to do his part. 

On the 15th the Woods Hole Port Captain issued letter instructions to 

the ATLANTIS Captain to depart Woods Hole on or about the 17th for latitude 

39N.  longitude 63.5W to the rendezvous with the waves, the weather and the 

P2V..    It wa. hoped that SWOP would be over and done with by the 25th so 

that the ATLANTIS could be back at Wood. Hole on the 27th a. early in the 

day a. po..ible. 

VT »n the right weather and cloud conditions iinally occurred,  the 

ATLANTIS was there after waiting for one week; the plane, were there; the 

cameras were functioning; and on the 25th of October the pictures were taken. 

There remained the unexciting task of cleaning up after the operation. 

All the various items of borrowed equipment had to be returned.    There was 

more correspondence back and forth piecing together some of the loose ends. 

Marks sent down a data sheet for the distance between the raft and the 

ATLANTIS in each pair of photographs.    Prints of the best stereo pair ac- 

cording to the judgment of Hydro's Photogrammetrists were sent to him 
10 
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ItotAi!« of Üu grid «rra«g*m«iit ««re worked out.    BuA*r «■• ^n*.1 r<t •»^* 
. 

the operationaJ p*rt o/ SWOP w«« over and all ^onrerned ^ere »>*iiked for 
t 

their help and rooperatioa.    A s-mi'ar letter waa »en* to NADU v.t *}.e\r 

bot«,  the Commander,   U.S.   Navy Air Baaes.    !«t Navai Diatricf. 

The films exposed over the North Atlantic were dfveioped irrd sent to 

the Hydrographie Office.    The low light intensity ava-lable during t^e SWOP 

flight threatened to produce negatives of marginal value,  but careful develop- 

ment by the NPC at AnacosUa saved the day. 

Hydro looked over the stereo pairs, picked one of the beet and began 

contouring. 

Further work came to a temporary halt while Hydro's presentation of 

the contours were sent to Pier «on and Marks for stody.    As was expected 
w 

there was some tilt in the contouring.    The Photogrammetry p<?opie V Hydro 

did their best to level the stereo-pair before contouring,  but WP all realized 

that with no established reference plane from which to work, perfe<-». level- 

ing would be impossible.    The contours showed   a range of heights from 

one foot to  24  feet while actual wave pole measurements tokan or. th-» 

spot from the ATLANTIS gave a significant wave height of aboui  7 feet. 

In addition to this tilt a somewhat closer look showed a ridg^ runvlng al- 

most exactly down the center of the  2, 000'  x 4,000'  rectangle caused by the 

stereo-photos paralleled by a trough about  500'  away.    Is order for this 

feature to be real,  a wave with a height of at least •  feet and a period of 

about  14 seconds would have been in the area photographed.    No such wave 
11 



«ouid -»/•■ br*n #.   . •     . » .>,»• —r rttogfca] di»tafb««c» «n tli# 

At .«:   ..   ire i.     Wr *.♦ r* : .r   e*   .. ....       dr •   t*. •►e (on'ourrd «urUc« *«• 

no» o--4y  lu'.ed   «..• v»   rp'-d i    H »T»»     or*, of    b+rm" nh^pe with «t*:» parallel 

tn ß.«   « • rf n de- ui   »•♦• . J  •o^r'-d re  •. t'-^ie.     Fortunately,  thii ^arrr! type 

of d «.ttitt. '•   v f8 • o* pr^sj*-.- •  :•   or.  er  stereo pi.rs and the orJy real problem 

turnd O-A'. *.O he fht ' <>'  rp.no/.-.L' tilt iru-n the inalysii and determining a 

•en» roirrt : i e pi 12 e, 

TIJ.« tilt ¥ hi    01   i>.   s». r ouh.   Mathematics] analyaia could take most 

ot tiie ti '. out of i- m i it  .    Ai^-r   1 d ti uoioa with i.^/dro,   it was suggested 

y tne ♦.ha*  we v.v«- I,  d-c. gj ,>   us the data  U^thc form of discrete elevations 

on a grid tyatexn.    TI »^   te." thi I si^ch data would be more accurate and take 

Lesi time Ü ui contouring.    Ir Looked ü» .t It «rera about ttma for another 

small conferen  e fo set:  */' i-r^   ^e stood . :.d determixfea iust what should be 

n .r.e. 

Di .   P f-i SOP ( imc d" vr trnm WTT? on t>e f^rst of March and we had a 

v^ry profitable diacusaio    «rit   tha people at Hydro'a Photogrammatry 

i>r inch.    I re wai t 1.   ly able to d^-.^de on -i sunpl»*.   30  x   ^0  foot end sys- 

tero arith aides parallel to the pkotogx  is.    Unfortunately) tha sides of the 

photograph! did :-v I    ■ ,'    h    d ; ■ cüor. oj th^ s-irface waves as ex- 

pected«    The preliminary   inaiyaia   -' .■•■ data :s deecribed ir Part 7 of 

thi« 1 eport. 

The  .rnpor*,trt thingi  Lonrerer,   iraa to hive th»  gr.d wy  tern point in 

the »-«me gecttttetr * >   directioi   .    ea<  . uf tr.; ti-irec p.-.^r« of photographs 

12 
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I.-" '" 

%ert to b* pra.-rgferj •   r pra.rg«M fb» «Hfll ^9    . .•.   ,   ••Iwctlfl« 

tic*: orientation a;.d trmher ■ \.h •*** or.      »0 d tf-rf/.* "•' d rr. • n-  trn~i 
'     *- : 

the ot^^r *-vr..    They «p   ur, t... • „rid ayvtertkir. •   •• th rd «o thai -t *^« li «-.f? 

ir *he same iiroctijn  is ';; J .«   !.ri   two.    A gf.d sstArr, <,i 60 x  «»O pn,-^ 

was finally settled upor,   and Pvdro began ti»» l*bor\ou(> V^sk of gr-n^^- on« 

5,400 spot hrigh'g fcr  (-.<►. ol 'hrt'.> pUrs of »t^reo n'o*:t) protogynp» & of t^e H^ 
e 

surface. 
«WS^^ä. j|^ )i9SI|i£> 

lern was to gev it a it an&l-./.ed.    W^ f rr.ed ag^r to the ärMB'HNT-AC. ' Bv 

With the data soon to b»  pourins our of Hvdr\ ^J^nexS-impom.rr urob- 
.... 

♦ v •-S 

time the demands for v.rne or: th^ir rompener had gro'vn treWier,dou&) .-.   T^.ev 

would,   hovt'ever,   be wi/.w.g tr. r.-. U'—  i-\r.;-/?"s \f .t.   »erf fir»* progr jrr,rr>fd. »^r« fir»♦ proi 
■t   • 

ing done at 

i 
Dr.   Pierson lavottiiatod th« possibility of iia-/i'-T >:.<* 

NYU.    The Engineering Staitsti-s group ol the ^'TTTTWe^l^l^ TS% *   -  der 

the direct.on of Mr.   Lp" T'rk   ir.dertr>ok to do th* ttMlc'ittQi&f^.^dHCSVtMt1'«. 

So,   while Hydro wai UB^aftiaf th«   Hblen of nambcri that  were so    'n^ort- 

ant,   Mr.  Eauuna«! Me  r waj worki,Xg out t.v e problems of tejj -.^  % 'n^S!- of 

vacuum tubes and wire« (lire   UNI VAC) what  :o do witl the uamhttt   »^ b> 

tended to fef-d ?t.    By th« ftrftt of Apr.',   Hydro  -'as be^>.-..r'a »o ^r:nd or. ; the 

data and ! went ou* to ••« ho«i they w^r« do.r.i; a-..d tall  iritl lb«» abo.j» U •- 

project.    I was very much r-npre^sed with the c^refuJ and arrurH'»' iob äi«y 

were doing.    They felt that the.r observations -^ere accurate *.o p;ufe or 

minus one foot ar d reproduMbi.ty t« about   2/5ths of ^ foot.    As H  '>-e<:k,   1 

13 
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pi**»« •*? *«• •!«• *• tffti« •* " i4| •»•••#rmj^4 «»4««^Ml for 

A chock.    1» kotr < «••>• U • i p»r«'<jr < «mo «ri&.a  !/ 4 fool of t^io pr«vtov»ly 

recorded   r»«d ng.      B> the   ||f| uf Apr:; t>.« (  .--• s^t of  S,400 »pot heights 

Kad been   tompieted   ^nd H\dro   «*» pr^'ifread.nij tie ♦.yped tables.    These 

were   forwarded   mONR   on   Ma;. 6,   J9^->.      fhe   »econd se» of   5,400  SWOP 

numbers c^irn* into rn v  OHKC ITOT H;dro.     By ÜÜJ time they were turning 

out work A\. a good r i'e   -i-d ddna an ever more accurate job.     Their   esti- 

- 

- 

mate v^as that *v.e tecond batch of dat.1? wa£ accurate to within plus or minus 

. 5  feet. 

By th.«" first, of .i..-.  Kydro ^ad forwarded t^.e last set of tLe three sets i 

ot data.     Th\s also was accura*e to w^thia plus or minus   .5 feet.    Thus one 

phase of the  SWOP operation cam« to a rlose.     The extraction of the  raw 

data from the stereo phonographs .Vad been completed. 
- 

The question of ^'Ve*Jr.»r or aot we should r.ave Hydro     >nt.our another 

set of photf.»» i-i order to sho*  jp some of the fin* structure which would be 

iimina'ed   trorn   di'd   taker? from spof~he:ghts alone arose at this time.    It 

^.s agreed that »his ihoold be float bu+ at a later date when SWOP was farther- 

along. 
>- • 

■. 

It retna.ned to analyze thil data carefolly to elimirüte the tilt which 

-vaf  known to  be   present  LTI each rrxodei and f'-ially to subject the data to 

aa^ykil oa on electroaic « ompater.   Our atterxions were now focused to the 

problen) of getting afi.mi( ommitanost from D7 MB concerning use of their 

UNT^'AC.   It. lo'.led aa .four ordinal estimate of th.e time required for the 
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uuüyaia kmd b««a *• 9r4»r of m*guni4« %mm •IMU.    Ik« workvi• «i NTf 

wrkmä out a method for level log th« data that woul< uk« about on« aai 

half hour« of UNIVAC time.    We hoped to get thia doae on the DTMB UNTVAC. 

Later the Job waa done commercially at New York.    While working out the 

detaila of the programming of the data Jdehr upped the eatimate of total 

UNIVAC time to over 20 houra* Thia made thinga look a little dark for ua 

aa far aa getting the Job done at DTMB waa concerned. 

On 26th August our letter to DTMB asking them for UNIVAC time waa 

aaawered.    The Model Basin wanted to program the analysis instead of having 

* it    done at NYU and wanted to examine tA* data to aee whether or not it 

would be practical to do the work on their UNIVAC.    Their desire to do 

their own programming was understandable since an improperly ^rogram- 

s 
med operation could run up the total time uaed by the UNIVAC considerably. 

However,  Mehr had already done most of the programming at NYU.    An- 

other conference'appeared to be in order,  so on 19 September Dr.  Polachek 
- 

and Mr. Shapiro and Mr. St. Denis of DTMB and Mr. Mehr of NYU and my- 

self met at DTMB to discuss the problem.    Mr. Mehr had finished program- 

ming the analysis.    All that remained to be done was to "de-bug" his pro- 

gramming setup and then run the analysis.   He estimated that about 20 good 

UNIVAC hours would be required for each of the three sets of data.    Con- 
t 

■ 

sidering their other high priority commitments for the UNIVAC this was 

way out of line with what we hoped to get.   I agreed to try to find funds to 

de-bug and run the first set of data commercially, —the plan being then to 

, *For each set of data. 15 *J 



tors tu« rr .« ..: t.'.r A«U o»#r to O 1MB to lUr* tl run la bit« *«1 ^l«c«« *• 

tun« betAtne «vailablr.    Aääitional fund» WM m«dr «vailabl« I« NYU by 

ONR to perform the first part of this analysis, sad I wrote an official 

letter to OTMB outlining our plan.    We would have the analysis on the Ürst 

set of data done commercially to provide an absolute check on the program- 

ming and then turn the remaining work over to OTMB. 

From the beginning it had been our expectation that we would be able 

to use the UNIVAC computer at DTMB to perform the analysis of the SWOP 

data.    That things did not turn out this way should not be taken as a reflection 

against DTMB or any of the people on its staff.    Without the encouragement 

from DTMB,  in particular,  from Manley St. Denis,  early in our planning 

»tage concerning possible use of their computer,  wf might not have gone 

ahead. 

Arrangements were finally made to have the work done on the 

"Logistics Computer",   ONR Logistics Branch.    Thanks are due to Dr.  Max 

Woodbury and Dr.  Fred D.  Rigby of the ONR Logistics Branch for assist- 

ance in making the Logistics Computer available and to Dr.   William Mar- 

low.   Principal Investigator of the Logistics Research Project,  and Mr. 

George Stephenson, Head of the LRP Computation Laboratory in Washington, 

D. C.    Fortunately the Logistics Computer was able to make use of some of 

the programming already worked out for the UNIVAC.    The theory for level- 

ing the data,  and determining the spectrum i* described in Part 8 of this 

report aud the numerical procedures and the actual data obtained are given 
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in Part 9. 

As one last check on the quality of our SWOP data we had one more 

contouring job done by Hydro.    This time the reference level was deter- 

mined by selecting points that had been leveled statistically.    This leveled 

contoured model was forwarded in May 1956 along with an evaluation of the 

photogrammetric work.    As mentioned before,    the work done by the Photo- 

grammetry Division of the U. S. Navy Hydrographie Office is described in 

Part 6 of this report. 

And so, after 33 months and a correspondence file at ONR two and one- 

half inches thick, as of June 1956 SWOP has been completed except for the 

task of interpreting results, drawing conclusions from them, and pre- 

paring this report. 
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F*rt   S 

HBTORT 

For •omc yMrs mow thm d«alrakility of obtainiag the two-dimomsionaJ 

••• apoctrum hai been «xplainod ia the literature (Pieraea 11952J and St. 

Deala aad Pieraoa [1953]).    When moat of tke znetkoda  conaidered were 

found lacking, the technique of atereo-photography of the aea surface aeemed 

most amenable to poaaible methods of analysis (Marks [1954a]). 

Representatives of the Woods Hole Oceanographic Institution initiated 

the first steps necessary to convert the idea of aerial stereo-photography of 

ocean waves  into fact.    At a meeting in Washington,   the requirements for 

such an undertaking were eatabliahed, and,  equally important,   the Photo- 

grammetry Division of the U. S. Navy Hydrographie Office expressed an 

interest in the Job of reducing the photos to numerical data form.     As a re- 

sult of this discussion, the first formal plan for obtaining the stereo-pairs 

was set down (Von Arx [1952]).    The basic requirameais were aa follows: 

1. Two aircraft to fly parallel,   600 feat apart,  at  1000 feet; 

2. Each to have a CA-8 metrogon camera aimed vertically down and 

one lonf focus 35 mm camera aimed at companion aircraft to 

determine the length of the stereo-base line; 

3. Cameras to be triggered within  10 milliseconds of each other by 

an FM puls«; 

4. Smoke bomb pattern to provide ground control; 

5. Upwind flight of planes with flaps down to reduce plane speed and 

18 
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flv« b«Ct«r re suit a; 

4. PrmUminmry flight to determine b«st height and hascliae suggested. 

The stereo-photos were made three years after the date of this first me^t- 

ing.   Much thought, discussion, planning and revision took place in that tea 

terval, and yet the Una! operational plan differed little in essence from that 

set forth in the VonArx note which is outlined above. 

At this point,work on the problem ceased, and almost a year passed 

before interest waa revived«   Wave theory was advancing at a rapid rate, 

and W. J. Pierson, convinced that basic theoretical conclusions should be 

substantiated by experimental work, persuaded the Office of Naval Research 

to begin a project of aerial stereo-photography.    Shortly afterward,   tie 

Woods Hole Oceanographic Institution agreed to help on the problem.   Or. 

Iselin, Senior Oceanographer, offered the services of the R V ATLANTIS 

to rrinrtdji ■ hnrtfrimfil scale factor and to obtain with a capacitance  wave 

pole recoralHnrocord of the sea surface as a function of time at a fixed 

point in order to determine the sea surface spectrum as a function of fre- 

quency.   Since this frequency spectrum is the integral (with respect It 

direction) of a transformation of the two dimensional spectrum to be obt-.i'x- 

ed by stere^photography, it is the only method of testing the validity of tfu 

directional spectrum. 

Am the mechanics of the project began to crystalline, the multitude of 
< 

"minor problems" associated with an air-sea venture of this sort became 

evident, and a meeting was scheduled to coordinate the facilities available 

If 
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• re...  fr^ups !••  o:   r4.    r^» M.S. N* y P^otegrtp^.c   .'n'rrp'r'«« on Cr»- 

»#r  (NP.'Ct  waa »he hoat of a m^etinf at Waahiagton.   O. C.  wtuib «ma 

amended bv reprffa«aUti\«a of New York Univcraity (NYU).   Woods Hole 

Oc^a^ogrtph.c Institutio?) (WHOl),  the Office of Navai Reaearch (OKR), 

Da/.d Taylor Mo^el Baain (DTJdB) and the U.S. Navy Hydrographie Office 

(HYDRO). 

Tv e diatunsloT? waa pres ded over by Jdr. Richard C. Vetter (ONR). 

The reaulta md conclusiona of ♦''is coaference provided the first l^rvk in 

»Ae dutLB of events which ended Lathe successful aerial stereo-photography 

of the se-»  surface on October 25,  19S4.   The highlights of this meeting are 

listed: 

1. A justification for the miss on was given by Professor Plersor 

through a description of the b^sic theory of sea spectra and a step- 

by step eiiminat'on of other possible te'h.nLques. 

2. HYDRO expressed abCvty and wilJingness to contour the stereo- 

photos if they met certA;n photogrammetrlc specifications, 

I,   The s«ere"-baseline (distance between planes) is a vitai factor La 

the rontou-ring of the pho^os^and will have to be resolved.    Ph.oto- 

graphy of one plane from the other was ruled out on grounds of 

measiir'ng inac.rurary, 

4,   The necessity for a horxzontal unit of measurement four or five 

•imes the lenR*> of tte ATLANTIS provided another unanswered 

question. 



S.   Mr.  v«ct«r (OIOU mgrmmä tm «et a« a4nujustr«tur •>» xh* pr« • 

aai M try t* üriftUt« tk« aat liiüt ia U« CJ^IA, «kick was .> ob.x « 

parmiaaloa for th« us« of tw •ultabl« aircraft. 

A« a raault of this mcotiag th« first oporatioaal plan was put on p^ptr 

(Pierson [1954]^ and the project achieved an air of respectability safeMMd 

by the eagerness exhibited by the participants.   Altitudes and baseline* 

were defined.   Sources of stereo-analysis error were given, and error 

magnitudes were estimated.   A flying procedure was suggested.    The ir-m- 

ber of pairs of photos which would bo needed was estimated, and the 

functions of the ATLANTIS were established. 

As soon as definite plans had been set down the project went into r.'.gv 

gear.   A visit by WHOI to Dr. Claus Aschenbrenner of the Optical RiMfai eh 
i 

Laboratory, Boston University was productive in two ways.    Has aaottra»coi 
■ 

as aa expert photogrammetrist» that chancps for success were Ugh foil o~ 

welcome ears.   Of more immediate importance, his disclomire ilia" tie 
i 

French had achieved success with an FM triggering device was extrcmei-- 
o 

heartening because this was a critical point in the scheme.    A p.-.per by 

Cruset^l^Sl] describing the activities in France along these lfMMf «NU 

studied carefully by R.G. Waldea, head of the WHOI Electronic Divlaicr., 

and it was concluded that his staff could match and perhaps improve Uta 

Frezrch instrument with respect to differences in triggering time betweer 

cameras. 

The ground control problem was solved at WHOI with the iiacovory 

«See also Ci-uset [1954], in the references which follow. 
21 
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oi •• iddivmm»] «•• ol tk# >■—fcwy   .     Tli* »cMiobuoT would W pUc»d oa a 

raft par«« Mt from tfc« ATLANTB «boot   1000 ft. downwind.    A sound puls« 

would bo rnloosod b*      transducer on tb« ATLANTB.    The sonobuoy hydro- 

pkojie would pick up the signal,  wbich travels through water,  convert it to 

an electromagnetic signal and retransmit it through air, at a given frequency 

to be picked up by & receiver on the ship.   The eeho-sounder would record 

the time of one round trip.    The trip through water takes about 0.2 seconds 

(for   1000 ft),  and the return through air takes   1.08 x 10"° seconds.    The 

time of the return trip is considered negligible,  and if the rate or propa- 

gation of sound in water is known as a function of temperature and salinity, 

then the distance traveled by the signal can be computed. 

In July,   ONR enlisted the interest of the Naval Air Development Unit 

at the Naval Air Station, South Weymouth, Mass. where a pair of blimps 

were available for the job.    A request originated from ONR for the utiliza*.lon 

of tire NADU resources.    At the same time,  ONR ordered four cameras,   Wo 

g>rost.abilizing mounts and an abundance of film.    WHOI was directed to se*. 

up and install the   FM link.    W. Marks (WHO!) was appointed field super 

visor of the project. 

As the pieces began to fall into place,   certain difficulties became m- 

creaslngly apparent. 

1. The measurement of stereo-baseline had not been resolved. 

2. Since weather plays a prominant role in determining the desired 

♦Sonobuoy Instruction Manual  AN-SS Q2. 
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•Utioatry «va »tÄt* Ire- fr»»m •••r :,   .t ««• dn .d^d that *a expert 

wxve-wextfter farei*»:inf ^roup «anuld be Aak*rd to advise »»r the 

operat.ort.     In** Divinion of Oceanography ol the- U.S. Navy   Hydro- 

graphic Ol'üce was t.:e logical group. 

3.   The pilots a* NAD'v   would have to be made a part of the operation 

as soon as possible. 

The last item was perhaps the most urgent bec-iuse the key to the feasi- 

bility of the entire undertaking was in the hands of the pilots at NADU.    A 

meeting was arranged for August.   1954 at NADU,  and WHOI and HYDRO pre- 

sented the plan of operation.    A day long d.scussion produced the following 

results: 

1.   The blimps were eliminated b/ mutual agreement of WHOI ami NADU 

because (he cctmera inetallat^oa« were uxnccessib^e,  there would be 

excessive vibrationf«,  form A.ion flying would be difficult and their 

radios ol operation .8 restnrted by short range and low liymg speed. 

Z.   A pair of PZY's was offered as an alternat-ve.    The advantages were 

that they could fiy m most Mail up to ga^e force with a speed m ex- 

cess of 150 kts,   tl"!?.4. photographic facilities were available,   that they 

had much greater range with   14 hrf flytBg ttme,   that formation  fiight 

was rot difficult and that the necessary radio and power equipment 

was available. 

3.   NADU was ab^e to de^armine stereo-baseline by a gunsight technique. 

When the planes are spaced 3 measured distance on the ground,  the 
2 3 

• 

» 
■  ■ '* - 



If uiia coa^iuoa is tai■!•!■•< im (light,  them tkm hmmmliMtm im known. 

4. Tkm Photogrammatry Olvlsioa of "YDRO asked for a practice nut 

over a specified coarse to provide aa evaluation of the photography. 

5. Two week» was set as the maximuxn operating time once the field work 

started. 

6. The cameras were to be sent to WHOI to facilitate preparation of the 

FJd link. 

7. The aircraft are committed to the use of an A-priority group and 

will not be forthcoming without the consent of this group. 

8. A tentative meeting was scheduled at NADU for a final evaluation of 

plans after the planes wore fully instrumented. 

During the month of August, a U.S. Navy photographer first class was 

assigned to the project,  ONR secured all the equipment asked for,  and the 

iydrographer committed the Photof rammetry Division to the stereo analysrs 

job.    The FM link was satisfactorily completed and installed,  and a ground 

check was made.   It was found that the FM link could trigger the cameras 

within one millisecond of each other (Waiden [1955]).    This was an improve- 

ment over the similar French instrument. 

The final coordinating meeting was held at NADU on 19 August 1954.   All 

of the mechanics were ironed out, and assignments were given to the various 

cooperating groups to be completed by the test date, tentatively set for 24 

September.    All groups received copies of the procedure for the test run and 

the actual exercise (Marks [1954b]). 
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P«ri  4 

OPERATIONAL PROCEDURE 

It i« worthwhile to explain briefly the technique used for making the 

aerial stereo-photographs. 

It is first desired to have a stationary sea free from swell traveling a* 

rtn angle to the sea so that the data collected could be most easily interpreted. 

To this end,  the Wave Forecasting Branch of the Division of Oceanography, 

Ü. S. Navy Hydrographie Office (HYDRO) was consulted.    The area around 
I 

40N, 65W was chosen as the most likely place to achieve such results and the 

ATLANTIS was designated to take this position and advise periodically on 

weither. 

HYDRO kept watch on the sea conditions, and at the appropriate time, 

some  24 hours in advance of the anticipated working time,  notified WHOI 

*•.. 

which served as the coordinating center of field activity.    NADU and tl 

ATLANTIS were alerted,  and when the wave situation persisted the planet»    \» 

were dispatched.    As soon as possible,  contact was made between the planes 
• 

and the ATLANTIS.    The wave pole and sonobuoy equipment were launched, 

and when the planes arrived on the scene preparation for the exercise  was 

complete.    Figure 4.1   shows the planes used in the operation.    The planes 

took up positionb in tandem and flew at  3000 ft (there was a layer of cumulus 

clouds directly above) upwind in a path such that the ATLANTIS would appear 

In some of the stereo pairs.    When the run began, the cameras were "simul- 

taneouslv" triggered by the FM Knk (figure 4.2),  and a series of ten 
26 
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exposure« were m*4e at a recychaf rate of 4  «ecoad*.    Tea suca r-«» were 

made, and the end reault wae that each camera (figure 4.3) had taken  100 

pictures.    At the same time,  the ATLANTIS was recording wave«    and the 

variable distances between the sonobuoy and the ship. 

At the conclusion of the program, the ship was secured,  and the planes 

headed for NAS Anacostia where the film was processed at the U. S. Naval 

Photographic Center.    The stereo-photographs were then turned over to 

HYDRO for preliminary analysis. 

The success of the venture of 25 October 1954 is in no small part due 

to a practice test made some weeks earlier.    The numerous "bugs" which 

were exposed and corrected could each have meant certain failure if they 

had gone undetected.    Photography of a Jeep traveling at 40 mph on the NADU 

runway established the recycling rate of the camera« and the efficiency of the 

FM link.    The photo hatch,  in one plane, obscured the fiducial mark« on the 

photograph« and the camera mount had to be modified.    A run over a pre-      « 

«cribed route indicated that altitude and station keeping of the planes required 

more attention.    The following week, a second test was made and the results 

indicated that all gear was in good operating order.    A detailed account of 

the operational technique appears in the literature,  Mark« and Ronne [1955] 

and Mark« [1955]. 
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P«rt 5 

WAVE FORECASTS 

Introduction 

Operation SWOP came into being as a result of tJic establishment by 

ONR of a research project to be organized for the purpose of determining 

the two dimensional energy siitctram of a fully developed sea.    One of the 

unsolved problems in present wave theory is that of the directional spec- 

trum for a given sea condition.   Since a vita.1, part of the Pierson,   Neumann, 

and Junes forecasting method [195 5],  now being published by the Ilvdro- 

graphic Office,  is based on accurrte knowledge of the directional spectrum, 

the project is one of considerable importance and interest,    TV.e preäcntly 

assumed distribution of energy moving in the various directions in a fetch 

area is «dy approximated ard the subject of considerable controversy 

It is hoped that the successful conclusion of Operation SWOP w;.U provide 

the desired iaformation and result in improving the accuracy of our present 

• * wave forecasting techniqyes. 

The Division of Oceanography of the U. S. Navy Hydrographie OfLce 

has participated in the project, both in selecting the s;te at which the oper- 

ation was accomplished and fai providing the wave forecasting service which 

made possible the aerial-photography under the required condltiors. 
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/ 
Preliminary Plann n§ 

The following conditions were apectfied «n ■ecessi.ry for •uccessful 

execuiton of operation SWOP:   (I) fully developed sea with significant 

height of 12 feet or greater,   (2) ceLdng in excess of 3000 feet,  (3) excellent 

visibility,  and (4) proper illumination level for aerial photography. 

The request for selection of a site for SWOP,  and prediction of occur- 

rence of situations where the specifications could be met,   were made early 

in September 1954.    The planes necessary to carry out the stereo-photography 

Xkcre made available to the SWOP project for a ten day period in October 

1954.    The original plans were to carry out the operation in the Bermuda 

area.    An analysis of historical wind and wave d^.ta at the Hydrographie 

Office indicated that there was an extremely low probability that the re- 

quired conditions could be met in October in the Bermuda area.    It was 

recommended that the operatioMi ife carried out off the east coast of the 

ifnited States in the general area of 40N-65W.    The statistics indicated 

that there was a high probability that at least one meteorological condiVon 

would occur during the ten day period m October wltb t>e po*e?itiv of gene- 
g 

rating a 12 foot sea. 

New plans for carrying our operation SWOP were formulated in ac- 

cordance with the above recommendations.    The photographic planes were 

now to be based at the NAS,  South Weymouth,   Hass.    The WHOI ship 
■ 

ATLANTIS went to the area around 40N-65W to perform its functions in 

connection with the stereo-photographic project and to take wave obser- 
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vaumu for tr«n*mii»ion to tkr U.S. Navy Hydrographie Off.cc.    The plai: 

was Uwtt with the advent of predicted acceptable wave condaione, the 

ATLANTIS would steam toward the forecast point in order to arrive when 

wave conditions were favorable. 

In order to make SWOP a successful operation, it was necessary that 

all four specifications be met.   A note of pessimism was injected into the 

selection of 40N-65W as a site because of the type of meteorological con- 

ditions expected to prevail at the time wave conditions would be favorable. 

During the month of October in the area 40N-65W,  wave generation would 

be accomplished by low systems moving up the east coast, accompanied 

by precipitation and low ceilings.   Such conditions would preclude the ex- 

ecution of operation SWOP even though acceptable wave conditions were 

present.    The realization that favorable wave conditions would exist In 

conjunction with unfavorable meteorological conditions made additional 

planning necessary.    It was decided to carry out the photography when the 

low system was moving out of the operational area and tLe ceiling began 

to rise, but before the wind waves began to subside.    This required accu- 

riate timing and a high degree of coordination between the Project Coordi- 

nator W. Marks of WHOI, the Photographic Planes, the R. V.  ATLANTIS, 

and wave forecasting personnel at the U. S. Navy Hydrographie Office. 

The general plan for communication between the cooperating agencies, as 

submitted by Mr.  Marks, indicated that the necessary timing could be 

accomplished.    The wave forecasters at the Hydrographie Office were 
1      33 



r««SOfUlbly     onhden? ill«!  r v qu  r ed <•« ^ ond • on*  «rouid b» met «ad ijt£t 

they would b« predicted with «ccepttbie accuracy.    In addluoo.  it was felt 

that acceptable ceiling and visibility could be predicted. 

There remained only one problem with which the forecasting personnel 

could not cope; this was concerned with the requirement that the illumination 

level be sufficiently high to tiirry out the aerial photography.    This require- 

ment limits the operation to a daylight period of approximately six hours; 

and the sequence of increasing visibility,  rising ceiling,  with little or no de- 

crease in wave height must necessarily occur during that time.    Fortunately, 

these conditions did occur during daylight hours,  with a decrease in wave 

height very shortly after the photography was accomplished.    The careful 

preliminary planning,  with consequent accurate timing,  made possible the 

accomplishment of Operation SWOP. 

Analysis of Meteorological Conditions* 

The first significant wave height of over 5 1/2 feet was observed on 

October 20th at 1100Z,   at which time the R. V. ATLANTIS was on station 

near 380N 680W.    On the synoptic surface chart of I230Z of October 18th, 

there was a quasi-stationary front oriented NNE-SSW and extending from 

Labrador to the Bahamas.    A wave developed on this front during the 19th. 

By the 20th at 1230Z (fig.   5.1a) this wave was centered near 37°N 67.50W 

♦Extracted from "Observations of the Growth and Decay of a Wave 
Spectrum'* by Wilbur Marks and Joseph Chase,  Woods Hole Oceano- 
graphic Institution,  Woods Hole,  Mass. 
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ftarf kmd gr«vm Urg« «aMifk !• 4«C9rmia« th« vtai f«n«r« mit tkm Umf4 

SUM« «Mt MMt.    Tk« pMltlaa •/ til« R. V. ATLANTIS 1« i»tficAt«tf fey *a 

A, aai tkat pmrtimm mi ihm wimä fl«W «kick g«■•rat«d wavss tkAt affected 

tk« R. V. ATLANTB 1« outUmW by tk« racUagl«.    Tk« wiai at tk« skip was 

aaarly aortk wkll« ovar tka major part of tka ganaratLag araa it waa aortk- 

easterly.    Tka araa of aortkarlias spread northward with the movement of 
■ 

tka low. 

By October 21st (figs.  S.Ib aad 5.1c) the frontal wavs wti well to the 
■ 

northeast leaving the jhip In a northwest flow with the fetch length limited to 

the distance to the coast.   A cold front oriented E- W is seen in eastern 

Canada (fig. 5.1b).    This front moved southward passing the R. V. ATLANTIS 

during the morning of the 22nd.    A small low which developed on this front 

is seen near the skip at 1230Z of the 22nd (fig.  5.Id).    Later as this low 

moved northeastward a band of winds from the west-northwest moved south- 

ward to tka ship,    Tka flow was almost at right angles to the isobars and 

would have bean difficult to forecast. 

By 1231Z of tka following day, the frontal system of the twen*y-first 

had moved wall to tka east Isaving the ship in a northwesterly flow 'or the 

12 hours preceding tke observation of 1200 Z. 

At   030Z of October 24th the flow was westerly in the area ahead of 

tke cold frost moving south from New England.    As the front got closer and 

assumed a WKW-ESE orientation, the flow became west-northwesterly as 

seen in tke chart for 1230Z (fig.  5.2a).    The front passed the R. V. ATLANTIS 
36 
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AC ftWvt ITJtZ Mi tfl« wimd «i tk« «iu^ aiift^ to aertk-Mrtkw««t«rly 

(Of. S.2b). 

Tk« primclpal low of tho oroa ot tkis tim« wot contorod eoat of New- 

fouadloai oai wo« moving «ottwortf.    Tho R. V. ATLANTIS was moved east- 

ward to 3f•N kS** duriag the 24th and 25th to retain moderate to fresh 

breosos. 

On tho 25th, the day tho aerial stereo-photographs were taken, the 

, wind was nortk-northwost, Beaufort force 5 at I230Z (fig.  5.2c) diminish- 

ing to force 4 by 1830 (fig.  5.2d).    The duration of wind up to the time of 

the wave observations was from 17 1/2 to 2ft hours, making the test period 

the longest period of consistent force and direction for the cruise. 

For the entire period from October 20tk to tke 25th there appears to 

l^ave boon little or no possibility of a contribution to the waves at the ship 

by wind fields in other parts of tke Nortk Atlantic.   Therefore, the ship 

was essentially in tke generating area at all times and no swell should be 

recorded. 

Discussion of Predicted and Observed Wave Conditions 

Tke ürst system witk tke potential of generating the required wave 

height appeared during 28 and 21 October.   Tke prediction was for the de- 

velopment of waves 12 feet in keight.   Tke R. V. ATLANTIS reported 12 

feet figaiflcast keigkt at 201301Z and was tke maximum reported for this 

stormffwavo koigkts ranged from 9.5 to 12 feet during tke day.   Although 

sea conditions were ideal, low ceilings with rain and accompanying poor 
i 
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vtaibiJtiv pre^A:l*d ihrocghdit thr d*v     Th:« c<x«diti9n wm» expece«! 10 ».un- 

tmue into the  Hat   w::h increasing C^:!I.IM *nd viai^.litv but w:ui ajowiy de- 

creasing wjve he^ht      Al   1 300Z on the   Jist.   the R   V. ATLAM'IS reported 

mne feet with jräiual dec .-ease ;ri he:ght becoming a reporied seven feet 

at 1700Z.     It waj decided to taxe the stereo pho'ographa on tr.e morning of 

the   21st  with the expected improved ceiling and visibility    and while the 

wave heights v/ould still be acceptable,   although not the originally desired 

IZ feet.    The photographic planes took off,   but one of the planes developed 

mechanical difficulties and v/as forced to return,    No further opportunity 

was available to take advantage of this wave situation. 

The second situation was expected to develop during the <i3rd of Octo- 

ber and carry into the 24th,   but it was not expected to be quite of the in- 

tensity experienced on the   20th.    Wave heights of 8.5 feet were reported 

by the R. V. ATLANTIS on the 23rd and  24th; the planes, how .ver, were not 

available until the 25th,    It was expected that the acceptable wave conditions 

would degenerate sometime daring the 25th      On the 24      it appears that 

waves at least 7 feet in height would prevail during the night and early morn- 

ing of the 2 5th,  with gradual decrease during the monung.   There was,  how- 

ever a good possibility that waves of at least seven feet significant height 

would continue into the early afternoon.   On the basis of this possibility,  it 

was planned that the stereo-photography be accomplished on the 25th     For- 

tunately acceptable wave heights continued intc the early afternoon, and died 
i 

down thereafter,    Wave heights of sever to nine feet were reported by the 

R, V   ATLANTIS durinc; the time th^ photography was accomplished 
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P«r. 6 

PHOTCy-.R AM METRIC EVAL JATION OF PROJECT SWOP 

Introduction 

Aenai photogrammetry is the science oi obca^ni.-.g reliable Lonzontal 

and vertical measuremerits of all U.IODScured natural and ms-r.-made features 

appearing ip aerial photographs.    Since the aerial photograph :s a detailed 

and permanent record of a given section of the earth's surface,   It furnishes 

more comp'etely th?,n any other means the information required m the pre- 

paration of maps and charts     Geometrically,  all photographs arc perspec- 

■ 

tive views and all maps are orthographic views of the earth's surface. 

The science of aerial photogrammetry is used to convert the perspective 

views ol the aerial photographs into the orthographic view of a map,  and 

also to record properly all the photograpied information into a true map 

presentation. 

For regular photogramnietnc mapping purposes,  aerial photograpny 

obtained with the camera optical axis vertical    is accompl.gh "d m such a 

manner that there is approximately  60 percent overlap between photographs 

in line-of-fl ght,  and approximately 30 percent sidelap bet-veer1 adjacent 

strips of photographs.    The 60 percent overlap provides at least two differ- 

ent views of all features photographed,  and is necessary to ach.eve the 

stereoscopic effect by which interpretation and measurements may be 

accomplished. 
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Tk«r« »r» ««wral typ«* ol  ikmogr*nan9trit ui*trum«ats t «pAb r uf 

utUisuif a«rUJ pkotograpliy to plot topographic nup manuscript*.    A?! the 

first«order photogrammetnc instrument« are precision mechanicai-op'ic«) 

stereoscopic device«  which re-create the three-dimensional view of the 

photographed area and permit the plotting of horizontal and vertical infor- 

mation of the terrain onto a map manuscript.     The accuracy of this infor- 

m^liou is hasically a function of the flying height of the photographic air- 

craft and the type of plotting instrument. 

Application to Project SWOP 

Photogrammetric techniques lend themselves to the solution of many 

non-mapping problems.    Thus,   the ocean wave data required for the coxn- 

plete fulfillment of Project SWOP are readily obtained by photogrammetric 

techniques.   Because of the nature of the project, however, several unusual 

problems were introduced.   Ordinarily,   over the stable terrain,  stereo- 

scopic photo coverage is  obtained by the proper exposure interval of the 

aerial camera during flight of a single aircraft.  Since the sea surface is in 

constant motion, two photographic aircraft with synchronised cameras were 

required to "stabilize" the images in the stereoscopic photo coverage.  Also, 

some known ground control is a requisite for accurate photogrammetric 

mapping.       a such control exists on the sea surface; therefore,  for SWOP, 

a vessel towing a  raft at a known distance was necessary to establish the 

"ground control".     If all other factors are equal,  greater final  accuracy 

is obtained with lower flying height, and greater area coverage is obtained 
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wUh higher aJtltttd«.    ZB ord«r to coaform with both th« d««xr»d IIOA. «CCU- 

rocy «ad aro* covorago for th» projoct, the optimum photograph.c con* 

ditiona war« datarrmaad aad arc thown :n figure 6.1. 

Test Flight 

Of primary impostance to the nucceinful photographic accompliahmas , 

wai the ability to aieure umultaneou» exposure of the two aer-ai cameri-. 

It wae therefore neceteary to build and check an electronic ilrk to fire tie 

two camerae.    Oscillograph measurements made on the ground with the 

engines turned up, indicated that the cameras could be fired within one 

millisecond of each other,  or better.    To further substantiate this ab-.Iity, 

a test flight was made over an airfield runway.    Traveling it tandem at 

160 mph, the two aircraft continuously photographed a truck traveling in 

the opposite direction at 40 mph (the fastest wave speed anticipated).   The 

photographs were made with var-oun delays msu'.ied .r the rimeras.   T 

is, one camera was purposely f:red  5 nru)l.second* xtter the other on«. 

Than the delay was reversed.    The result was that |B no pair of photcgrapl i 

could it be visually ascertained thf.t there was try charge in pos-.t-on of the 

truck.    Furthermore,  the photos were erJarged 25 t;mes a,r.d no difference 

could be measured that was greater than the measuring error .teelf. 

Operation Procedure 

The sea surface presents a relief pattern whi';h i« always mov.ng and 

changing its shape, and it offer« no fixed marks wh.ch eaa be atad a.» cfv.- 

trol.    However,  as in the ca«e of the rough sea reqa.red for thil vroject, 

4i 
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there «AS « gre«! dea. of cou'.tABt b«:*ee« t-.e fo*m «ad tkm «Ater, *ad tlus 

comtraat was utilized for ikt •epar«tioB of tonal values m the photograph«. 

The serious problem of reflection glare was overcome by taking the pic- 

tures when the «olar altitude was below 40°.    This, however,   reduced the 
- 

light intensity and caused a reduction in image definition. 

The operational procedure involved the use of two aircraft flying in 

tandem  2,000 feet apart and at an altitude of 3,000   feet.    Each plane was 

equipped with a standard mapping camera (Navy CA-8) and the cameras 

were triggered simultaneously from the forward (master) plane by an FM 

radio link.    The square  9" x 9" format of the aerial photography repre- 

sents   74"  side-to-side coverage from the camera lens.    The planes flew 

directly Into the wind, thereby eliminating crab and reducing the air speed. 

To help establ sh the ground control,  the research vessel ATLANTIS 

was stationed in the operational area.   The vessel towed a target raft   500 

feet be    nd It.    The distance between the raft and the ship was continuously 

monitored by a sonar buoy on the raft wh.ch received a radio impulse 

through the air from the vessel,  and retransmitted the signal to the vessel 

through wtter.    The distance was recorded every two sec.» ..^s. 

The p.anes adjusted their altimeters to the barometer on the ship at 

the t-me the pictures were taken.    The distance between the two planes 

was mamtilnrd at about  2,000 feet by means of a range finder located in 

the slave plane,  and utilizing the wing span of the master plane as base 

line. 
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The ATLANTIS «'4« .nft'ru-:*d b> r«d;o ^t *he morncr* *ich yt.o*o~ 

fr*ph:c run started ».'.d  • side-r.Mrk  ^a» rnide nr. tre recotd of :.*-e a*»- 

tance monitoring dev:ct*      r».n p2;r8 cl photograph^ vvere taken or ea :h 

run Mhich required about   3b seconds.    A total of 100 «tereo pa^r» '»'as 

accomplished for the project. 

Stereo Analysis 

The stereophotogr^mrnerric gi aphic results were prepared by tie 

Photogrammetry Branch of the L*. S. Navy Hydrographie Officer    A total 

of four stereo pairs of <?.er.iAl photographs was selected for detailed analy- 

sis.    They were chosen on the basis of photographic quality and also be- 

cause they showed the ATLANTIS-rafi combinatior.    The instrument 'j»ed 

was the Zeiss Stereoplanlgraph,   considered to be among the most accurate 

of the first-order photogrammetr^'-; plotting instruments.     The d.re^t resd- 
,* 

itrumeiic-i«  0.01 mm. -m ing &bii*ty of this mst 

The first model {a model -? -.e rectangular overlapping portion of 

two aerial photographs which can be viewed stereoscopica'ly) jcas contoure' 

by establishing an assuined vertier: datum.    That Is,   in each corner of the 

model the low point of a tr .ujh waw assumed »ero elevation and ti.< contour 

data throughout the model was baied en that datum.    Each mode, repressnt- 

a ground rectangle with tiues of approximately 2700 fee* and   1800 feet,   or 

nearly 5 million square feet of ocean surface,  at a sca^ of   1:3,000.    This 

model was used to determine tlie spucir-g to be used on tne soo* neight gild, 

but it is not reproduced herein. 
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■ otämr ro de'erm.n» M r ««ergy apvctniffi ©I tk« ••« rarfac« a grid •/ 

spo- '^flt'« must be m^de.   Accordiagly, üi« ■•xt tkr«« aiod«!« te hm umlysmä 

pr **<•**ed t»'» »poi heigJit fUu.   A total of 5612 «pot koigfcta por mod«l w«r« 

rit'erm.ned A*   10 tee* ground diitaacea la a «qaara grid pattara. 

The «ibove described grapides ware forwarded to N. T. U. far aaalrsis aad 

i vtw ■rertlcaJ datum «ras derived «jtalyticaUy. •   From tkis iatformatloa eifkt 

rpot kmijfi&» were established along the model periphery.    This iaformatioa 

w*«i forwarded to fhe Hydrograpklc Office and waa used te ra-astabllsb a varti- 

«   d-tVum or t%.e ILaal model set-up.    Tkis flaal model ia skawa ia figure 6.2. 

Of tk« aigkt spot fcaigtf, six were keld pkotogrammetrically aad two could aot 

►»« I - d.    Orte of «Jrese wa o located in the left-caatar aad kad aa error of -3.0 

1 

iff   <*f O'>«T «as located in Ute lower-right coraar aad kad aa error of-7.0 

rih.e * »to*« fJb.e fNYU) computed values, tke iastrument values, and 

► rrorn,   for »il eight points. •  ♦ 

Tabie L    Final level values for tke stereo ware data 

PoUr No. 

Gii 
0-68 
t.  .20 
P . 20 

BS'70 
31" U 
BT-.Z0 

Computed lastnoneat 
Value (mm)        Value (mm.)        Error (nun) 

0.00 
0.00 
0.26 

-0.27 
0.05 

f 0. )2 
• 0.01 
4 0.08 

0.00 
-0.30 
-0.25 
-0.25 
0.00 

4 0. 10 
40.05 
-0.60 

0.Q0 
0.30 
0.00 
0.00 
0.00 
0.00 
0.00 
0.70 

-Set- Par: 7. 
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Accuracy of lUsults 

RccoBMisatace typ« film was «««d erroaeously im the aerial cameras 

»»«♦eAd of tlie more atable topo baae film.    The film faraiakad tkia Office 

W9a not duneaaioaallv aubJe,  and made tke recapturing of tke precise ia- 

«♦rument settiags impossible when tke last model was re-compiled.    There- 

fore.,  the finaJ photogrammetric solution could not match all tke computed 

mhmm»    This explains tke discrepancy in kolding all eigkt pointa as de- 

scribed above.    Tke computed values for tke leveled data Are more valid 
* 

since tkey are substantiated by tke leveled grapkic analysis wkick skows 

«bou* equal areas above and below aea level. 

Tke final grapkic forwarded to N. Y. U.  exkibits botk contour and 

ape» height information over tke nearly 5 million square feet of ocean 

surface.    Tke spot height accuracy is ±0.05 mm (at 1:3,000 scale) or 

t 0..S feet.     The contour interval is  3 feet and is accurate to 10.2 mm 

oiZ feet.    Tke relatively short distance represented by tke ATLANTIS- 

THH combination is not adequate to assure a preciae korisontal scale, and 

Ikt horizontal accuracy is estimated to be 1 2 feet. 
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Fürt 7 

PRELIMINARY ANALYSIS. CHOICE OF GRID SPACING AND 
DISCUSSION OF ALIASING 

Weather and Wave Pole Ob»crv*Uon» 

Weather and wave pole observations were made prior to and at the time 

of the flight of the planes.    A running graph of the wind direction and velocity 

and of the estimated significant wave heights and the dominant wave direction 

as observed on the R. V. ATLANTIS prior to and at the time of the wave pole 

and stereo observations is shown in figure 7.1.    The times of the wave pole 

observations and of the two pairs of photos finally chosen for a complete 

analysis are also shown.    The winds  6 hours prior to the time of the stereo 

observations averaged about  19 or 20 knots. 

The significant heights of the uncorrected wave pole observations were 

computed at WHOI, and the results of these computations yielded the follow- 

ing values. 
Table 7.1 

Significant heights from uncorrected wave pole observations 

Time 

1547 to  1610Z 

1652 to  1715Z 

1756 to  1821Z 

Significant Height 

5.02 feet 

5.04 feet 

5.12 feet 

A paper by Marks and Chase [1955] summarizes these results and the way 

the visually observed values seemed to be quite a bit higher than the wave pole 

values and seemed to remain high for quite a while after the   19 to  20 knot 
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h«d 4ie4 dawn.    Nu«# ♦>«« •>• v:«a«i ••tim«t» of tf* mi$m l. «r   ►# §•• 

■M   7. S fret at   1800/ 

Stereo Contour Oat« 

The firat data prepared by the Fliotogrammetrv Divlaioa *** in Iki '«»r- 

of a contour analysia of one of the stereo pairs.    It was some»*' *• diKconc^r* 

ing because the expected waves with lengths of from   100  to   <00   feet   or   M 

could not beseenin the contours and the range of contoured heights was f«r   n 

excess of anything to be expected from a 20 knot wind. 

The first hint of where the difficulty lay came from Woods Ho> *>ere Inr 

sections of the contoured surface were drawn.   These slowed Almos* H PT v.|i' I 

line tilt along a given section wiA the waves we were look.nn for RupT mpohrd 

thereon.    A line section with arbitrary acale unirs from the lou^r left ro »> e 

upper right of the contoured surface is shown in ftgare   1.2.    The unforeseen 

difficulty of determining atrue mean rero reference plane on the open oce^n 

with no known reference points had arisen. 

It was also pointed out at this time that spot heights could be deter- 

mined by Hydro with far greater accuracy than the contours could be driwn 

due to the nature of the techniques involved.    The original plan had beer «o 

choose an appropriate grid and read spot heights from the contoured data. 

This now had to be revised,  and it was now necessary to find a way   o deter- 

mine the true zero reference plane and to choose a grid,  the desired number 

of points to be read, and the desired resolution and statistical reliability., 

all on the basis of the d\ta then on hand. 
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Oeclfion on Grid Lnervai q*d »Number uf Pc»ri    to b« Kead 

Fortunately tic tiieorttical acp«ct« of tl*-' prolic-M  '.ad Men carried out 

tothjpoint vhere the methods for t>.e on^fUdr-.t^^^x^   AT^ytee of time «eries 

developed by Tu! ey [1949] bad b'.ai cjit^r^tlod  io iic fA  -cimenBion*!  wave 

atmibor annlysi' d?3i"od in t:i.i prolleRi,    Thmc (he formulai for resolution, 

aliasing,  r.nd dec? ;?3 of f-eodom w/c .-.vcila V-«    They . i'l be derived  in 

Part »-.    It v'ar: also realised t>*at it witf uot essei^^ to have ^ie dominant 

VV.'JVC, di-ection roughly parallel to Hie nidos of tl;c rectangular grid of points 

to be usec. 

The I  veling problem was then studied and formulas werf derived for 

determining  the  true   zero  reference plane«    U was assumed %'y^t the  spot 

heights would be reported with reference to some uninewn arbitrary refer- 

ence plane of the form  :: = ax + ' y + c.    If /|  is tlio reported va'uc,   then 

^* =  h - a;: •  >y - c  is the valve vöth reteronce Xp H tiue /o  c> ir;/-."-cnceplane, 

at 

and  rS(7^*)2 will be a i.üiümuiTi.       y standard le^st tquaret t chni^uet, the 

. 
values (•■>:: a,   i> and  c  can ' v: doicimintc,  axid tilt data can be Isv-Ud,    The 

derivation and the p -ocodv. c:   •-.od ^.re dcrcrV-^d ir. t\z following two p^rts 

oi this report. 

Since leveling was no lon^.:: a proiriem,  CiC proLl„;n". of atatistical re- 

liability,  aliacing,  and resodutioa were f.t'c'.icc^    Suppose tbc.t tr; Ipol hieightfl 

are read at an interval of   A.   fe^t sn & s^aarQ gi id.    Th,!., dut to thj nature 

oi tlie metliod3 of analysi.:.   some i pectral componeatt shorter than 2A:: h.ud 

all components shorter thar   V^   :    }ill be aliased so (hat dzy appear at, 



lofigvr »4»v« th«fi tkmy «civAll^ «r«.    Supp^«« that m Ug« «r« to be j»rd in 

the   s «nd   y directions of the rectAnguUr grid.    Then the  C  value contributed 

by the wnves with lengths from infinity ?o 4mAM «ill aJ be concentr«       at the 

sero wave number of the spectral coordinate ayatem.     The next wave number 

will correspond to a wavelength of ZmAx and will actually cover a    range from 

4m Ax to  4mAx/3.    On a line at 45° to the grid system of the spectrum,   it is 

necessary to shorten the above wavelengths by /Z /Z.    Finally,   if Nx and  N 

are the number of points on the grid system in the x and  y directions,   then 

the number of degrees of freedom is given by 

f = 1.5 i^y(^y 
where for purposes of   symmetry it was decided to let mx = my. 

The significant wave heights reported by the wave pole observations cor- 

responded to a wind of about 17 knots,   and an attempt was made to choose a 

method of analysis such that a theoretical Neumann spectrum (Neumann [1954]) 

for 17 knots would be adequately resolved.    Also since winds of 20 knots had 
■ 

occurred previously,   it was decided to guard against wavelengths due to a wind 

of 20 knots in additica to those due to 17 knots. 

It was estimated that periods from 2.25 to 10 seconds would be present 

and that approximately 10 percent of the energy would be at frequencies above 

0.29 cycles per second (or a period of 3.45 seconds).    A wavelength of 60 ft 

corresponds to this period,   and hence a spacing of  30 feet  between points 

would  be  needed to insure no more than  10  percent  aliasing. 
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A gr d of    iO f^r' ««y ••^refore chosen.    9m«.irr    «.ue» of  Ax   »»v'u'd rrq« rr 

i 

4 much mreu'tr  m  ^•«n »Ka» actuftüv choern and mum  more npo» ^ c »Mt. 

T>e w.nds -.' »hr surface «red from I7 ro 20 knot» jus« prior to th« 

f.me of '.re obser^ai.ons and hence the values seenned cons^s'^n' Spe, •til 

periods as h.gh as ii seconds might, ha-e been present m ♦> e m* es du»" 'o 

thp 20 kno* winds. This period would correspond to a aaelen^»1 of aboi,- 

600   fee». 

With a grid spacing of  30 feet,   »he area of the s'ereo analys.s lor   one 

pa:r of photographs was found 'o contain abouT   60 pom's on i'e s'or* side 

and more f-an   ^0 po-.nt.s on !> e long side.     This would :mp.v Ott deterrn; n-i* on 

of   540^ s^o* ^e.gh's from etc^  s'ereo p^ r. 

Vano.s lags were •►■en «ested ar,d a * ^lue of m equ^l  'o 20 w^ s < k (-«if- 

for »^o reisons       The firs*  w^ «► ^t there would be adequa'»" resolution 

and 'he second was t^ •*• there would be enough   stalistjcil rollAbllit) 

W.,v   respect »o resolution    wa   eleng'hs  grea'er »ha*. 2400 fe^'   would 

then show up V 'he origin and s.nre th.s corresponds 'o ^ per-od of n   er   20 

seconds tKe energv ^t zero ^v-i.e number should be entire', due «o i'  -ising 

and wh 'e no se reid.ng error on thl ^ssi>mp»-on tl ^t »H^ Noumaeoi bpe.-'r i'n 

WHS roogKv correct.     The rex*  *^   e number would ro  fr -• rar.ge ,<   >rti.'    - 

from   2400 feet to   SOt fee*     ,nd   !  ^ould aiso no» be expeced to s'o*   m 

appreciable w«  e energv, 

Thcpe ^^lues were also checked on»ht? a88umpt;o-   th^' •'e pe-jk of tK« 

«pectrum would fal! a' an angle of  45 degrees »o tt e coordinves ol " e spe« 
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trurn     A wav-I^ryth of  IbiO fee:  wcnulci  »ti'I not be expected, and a *«ve> 

!«aftli of  560  fr«"i v.}";'!] jit«! Purely be bcgmr..ng to »hov. up. 

Or.  the  badis  cf the   transformation needed to go from the theoretical 

Neurnanr. frerjuency spectrum to the v/ave  number   spectrum,   it was estimated 

that the pe^.k ia liie spectrum would fall four or five wave numbers away from 

the origin,   and that the  range covered would adequately trace out the details 

of the :-~hape of the spectrum.     The full consequences of these decisions will 

be diocusaed in a .later section 

With respect to statistical reliability,  there are   16 degrees of freedom 

for each point' estimated or. the spectrum for each set of data.    Fifty degrees 

of freedom are desirable r.o it was decided to do three pa^rs of stereo photos, 

«ince,   vv:th the ?ame grid alignment of all three,  the estimates for each set 

of data could be averaged to obtain final estimates with 48 degrees of freedom. 

One of the stereo pa:f« spot heighted by Hydro turned out to have serious 

"ba'-rti'1 distortion in addition to tilt,   and it had to be discarded ao the final 

results vn'il be based on  32 degrees of f^-e^dom, 

A choic« of a 60 by 90 grid and   Z0 lags (really  ZQ to the left,   20  up and 

20  dowr> plus ail combinations such as,   aay,    5  to the left and   17 up) implies 

86)   points   to be determined  i< - the co-variance surfme and  861   points for 

the tiaäl spectrum.    About  4.000.000 multiplications and an equal number of 

dd'J.:lions are  needed to  get each of the co-variance surfaces,  and about 

720,000 iTiult:.pi\cations and additions are needed.to^et each of the raw spectra. 

Much the same conaiderations entered in the above choices as enter m 
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the choice of tune interval, number of Ugs.  resolution and degrees oi 

freedom in the analysis of a wave record as a function of time at a fixed 

point (Pierson and Marks [1952]) except that far more data processing 

and numerical computation is necessary.    As an example,  to double the 

resolution with the same grid spacing and same number of degrees of 

freedom would require  40 lags and four times the number of spot heights. 

The covariance surface would then require about  48 million multipli- 

cations and additions.    The time required would be more than twelve 
■ 

times greater than was actually used.    To have reduced the aliasing by 

halving Ax,  would have required four times the number of spot heights, 

40 lags, and the above number of multiplications.    Moreover, the total 

energy over  3/4 of the area of the spectrum would have been only  10 

percent of the total energy of the sea surface. 

For these reasons. Hydro was requested to read spot heights on a 

square grid with 30  feet between intersections.    Essentially all of the 

details of the analysis were decided by this one choice of grid interval. 

References 

Marks, W., and J.  Chase [1955]:   Observation of the growth and decay 
of a wave spectrum.    Contribution No.  769.  from the Woods Hole 
Oceanographic Institution. 
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Pkrtt 

KUJAT IONS FOR LEVCUNG  I HE DATA.   ESTIMATING 
•    THE DIRECTIONAL SPECTRUM.  AND CORRECTING THE 

WAVE POLE SPECTRUM 

Leveling the D«f 

The original spot height data reported by Hydro was reassigned s position 

code for computational purposes such that the points would fall in the first quad- 

rant of a Cartesian coordinate system and such that the first column of 90 points 

would fall on the y-axis and the bottom row of oO points would fall on the x-axis. 

For simplicity in writing the following equations, let the free surface,   %  be 

represented by an  N when a spot height is considered.    The pattern of the 

points was as follows: 

N0, 89 N 59.89 

• 

N0.3 

N0,2 

0, 1     1,1 

NO,0 Nl,0  N2.0 N 
59,0 
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«d thr t«n«r*l tl«m«ai will b« dvsigiwited by  S ^ 

These   S400 points cover an extensive srea of the ses surfst«   ***     th*t 

«   ite a few waves are involved      Were they measured with rebpf«t u-   i /.    i» 

dftcrmined by the level of the water in the absence of the wa\rs    th«v   would 

average to zero and the sum of their squares would be a minimum      Jk.v« •. .1 

they w,ere read with reference to an arbitrary tilted plane instead   oi with r< fe-r 

ence to the sea level. 

The values desired with respect to zero level are given by equation (8. I) 

where the unknown constants  a,   b,   and  c  absorb the effects of the grid spacing 

$, - Njk ■•!••*-€ 

. ., n-1 k = 0. , m-1 

m ^ 90 

(8. 1) 

j = 0  

n - 60 

Consider equation (8. Z). 

'8. c. 
m-1 n-l ml   n 1 

k-0j-0      JK 
E      E    (N;k     ai - bk - cr 

k^OjO      JK 

The value of  V   should be a minimum with reference to iriu   sea  !«■   • i (if 

the area covered by the points is large enough), and this can be accompli   ed    I 

£ = »■ 

(B   3) 

and 

EL 
ab 

8c 

-  0   . 

• 0 

Equations (8. 3)   lead to equations   (8.4). 
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m-1   n- i 
(8. 4) Z      Z     (N,.   - «j - bk • c)k  > 0 

k>0   J«0       J 

m-1   n-1 
Z    Z      (N     - *j - bk - c)  ■  0 

The last equation simply states that the average of all the points in the 

plane when truly leveled should be zero.  Points on a tilted surface could still 

average to zero,  but  V would not be a minimum; and thus the other two equa- 

tions assure that V will be a minimum. 

The indicated summations can be carried out,   and the result is three 

simultaneous linear equations in the three unknowns,   a,   b,   and  c. 

(8.25) 

Mia - Diiü- 1)     nip • l)m(m • 1)    mn(n- 1) 
6 4 I 

Bin ■ ilmim - 1)        nm(m-n(2m-n      nmfm- U 

mala - l) 
2 

nmim - \\ 
■ 

nm 
1 

m-1  n-1 
Z      Z   jNjk 

k«0   j«0     J 

m-1  n-1 
Z  kN Jk 

m-1  n-1 
Z    N Jk k«0    j«0 

For m ■ 90,   n ■ 60,  the determinant is known, and the indicated sum- 

mations ot the right hand side,  when performed on the data, then permit the 

values of a,   b and c to be found. 

Estimating the Directional fpectrum 

In theoretical discussions of wind generated gravity waves,  it has been 

shown by Cox and Munk [1954] and by Pier son [1955] that 
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1 * J( 
III /I 

(«.61    QU.y'.fl.hm    x^f 
T-*ao 

V.a, «" 

.w       ,00 

V*« v • < M«4«'» y4v,•f *f ,J dx d>d, 

Al      o 

[A(fi. G)]^ cosl11- (x cose + y'sine) - fifjd^de 

co      ao 

«4 I      [J    [A^c.ß^cosCax' + ßy' - /g(c2+ ßV^ndßJdc 
'-ao  /_ ao 

In equation  (8. 6),  o = |x2cose/g,   ß =4>2sine/g,   ji = /g"(o2 + ß2) '   , 

and  0 = tan'^ß/c).    Also 

(8.7) [A*|«.Pl2.f J —  
[c2 + ß2]3/4 

If x1  and  y'  are chosen to be zero,  then an average over time can re- 

place an average over space and time,  and the result is 

(8.8) Q(t') = lim      ^1 11(x,y,t)T|(x,y,t+t,)dt 
T->ao       /  j. 

n     • ao 

// /-if / ( 

[A(n, e)]2 cosHit'd^dB 

4 [A(HI)1
2
 cos jit'du 
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Thr above is equivalent to observing the w^ves «I a fixed point as a 

function of time,   and ail knowledge of the direction of travel of tht- wa\es is 

lost since 

/■ [A(JI. e)]2de= IA(HI)]
2 

The procedures for analyzing waves as a function of time at a fixed point 

have been described by Pierson and Marks [1952],   and Ijima  [1956] has 

carried out quite a number of such analyses in Japan with very interesting 

results.    The same techniques are beL     used by Lewis [1955] to analyze 

the spectra of model waves and ship motions in a towing tank.    The wave 

pole records will be analyzed using the methods described by Pierson and 

Marks  [1952]. 

If t'   is chosen to be zero,   then an average over space can replace 

an average over time and space and the result is 

4 A jZ (z 
(8.9) QU'.y') = lim   -J^ J    J n(x, y) n(x4-x', y + y1) dxdy 

Y-^oo *       z 
00 OD 

// 
■"f    i /     lA*(a, ß^cosiax' + ßy^dßdQ 

-ao ao 

IT. equ-ition (8.9)  the same right hand side results if -x1  and  -y1   are substi- 

tuted for  x'  and y',  and therefore  C^x'.y') = Q^x'.-y'). 

The above is equivalent to observing the waves at an instant of time over 

an area.    Some knowledge of the direction of travel of the waves is lost.   Con- 

sider,  for example,   a progressive simple sine wave observed at an instant 
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of time.    A line parallel to the cre.t. can be determined,   and the direction 

of travel of the wave «ill be perpendicular to thi. line,   but the dire.non can 

be either one of two directions,   one the opposite of the other. 

This indeterminancy is avoided in this analysis by considering a positive 

direction,    x'.   to be the dominant direction of the wind and by assuming that 

the spectral components of the waves being studied are all traveling with an 

angle of ±90°  to the  wind.    Then [A^', O')]2  would be zero for   »/2< e'<: « 

and for  -W* < e'< -«,   and [A(«', ß')]2  would be zero for  -oo^ß'OO.    (Note 

jx'.   <i\  c» and   V  would have to be redefined with respect to the x'   direction.) 

When these assumptions are applied to the results to be obtained the directions 

will be completely determined. 

Consider equation (8.9) again.    One can form the indicated operati. 

given by equation  (8.10). 

ion 

/I, 
(8.10)   lim 

M-»ao 
N-^oo' L Q(xV)co8(o*x   + ßVJdx'dy' 

ßy ,)co8(o*x, + ß*y ^da dßjdx' dy' = lim      M     \   if   [     LAM".ß)l2cos(ax' + 

N->O0     '-,'-,     -OD-OD 
2      Z 

The term after the equals sign can also be written 
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tt.li)     Jim 
M-HMJ 

j (        ifA»(«.»J2lc« •(x (o  ♦ «♦) *\  iß .   ß*>J 

+ cos (x'fo BC*)4 y '(ß- ß*)]| dx' av   de dß 

OD     ,ÜO 

f/*(c.P)J' 
SI ^(c+o ♦) sin^(ß+ß*)     sin^fc-c *^ sirM iß- ß*)\ 

-4 ^ + & i •]0 
(a + o*)(ß+ ß*) (C   -   G*)(ß  -   ^*) J 

dß 

When Dirichlet'l formula is applied,   the result is finally that equation 

(8. 12)   is obtajnec. 

oo     , oo 

(8  12)     [A*(^^]2-f|A*(-a*.-ß*)]2 ^ -L 

J. J. 
Q(x^y,)cos(c=^x, + ß+y') dx'dy' 

oo   '-oo 

Note *hat substitutin;     o*  and  -ß*  for   c*  and   ß* leaves equation   '8   12) un- 

changi*d. 

Equations )H. 9)   md     (8. 12)   are the x, y   plane analogues of th • classical 

time series equations which state that the covariance function is the  Fourier 

transform of tl e [-owe • spectrum and conversely that the Fourier traoslurm 

of the power sptctrurr  ^s the covariance function.     When applied to t   i problem 

of finding the directio     I  spectrum of a wind generated sea from discrt-te data, 

the integrals have to 1 i   replaced by summations and formulas aualugu is to 

the Tukey formulas ft r t.me series have to be derived. 

!n deriving the i quations used to determine the directional spectrum,   the 

analogy to the one-dum'nsional case given by Tukey  [1949]  will be shown.     The 
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theoretical «quattons »n the one^un«r«ionai case are given by 

(8.13) Qd') = lim   + iKt) n(t + t^dt 

and 

(8.14) [A(ti)]2=-l 0(1') cos (it' dt' 

-00 

The equations due to Tukey [1949] are given by equations (8   15)  to (8. 17) 

where  Ni,   N^i   N3 ,   Nn are given values equally spaced usually in time. 

(8. 15) Q(p) = ^±-z 7 N(k) N(k + p) 
p = 0,   1 ,  m. "-P k=l 

Qo* ■ Qo'   Op* = 2CV   <P = ! to m " U.   and  Q^ = C^. 

• 

—   s«    cos  
>.0    P 

.    m 
LL a^J-   S   Q    cos n    m       . ^D 

P*ö    r h = 0,   1 m. 

Let  L.j = L+1,   and   X^.i = X^+i, 

(8. 17) Uh = 0.23 Lj^i + 0.54Lh-l-0.23 1^^. 
h = 0,   1,   . . . . ,  rrs , 

Define U0* = U0/2.   Uh* = Uh (h « 1  to  19).   U^ = Um/2. 
« 

In the above equations (8. 15) is the discrete approximation to equation 

(8. 13).    Also in equation (8. 13),     Qit')  equals  Qf-t')  and to obtain the 
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discrete 4ppro«im«t:on to (8. 14).   Q<p)  i« expanded a» A periodic even function 

about   p  equal to zero.     Thu»   Q     received a weight of one,    Q.   through Q^   • 

receive double weight,   and  Q      received a weight of one. 

The values of  L are the discrete estimates of the Fourier coefficients of 

the even expansion of Q. 

Due to the fact that the   L/s  are only estimates of the spectrum since the 

series of readings is finite,   they nave to be filtered to recover a smoothed 

estimate of the spectrum in terms of the   U's. 

There is,   of course,   another way to estimate the spectrum.    The original 

series of points could be expanded in a Fourier series.    Sine and cosine co- 

efficients  an and  bn,  for periods of nAt/l,   nAt/2,   nAt/3,   etc.   would then be 

2 2 2 
computed.    The quantity  cn    = a      + b      is then a very unstable estimate of 

the energy at that particular frequency.    A proper running weighted average 

of the values of  c      would then recover the spectrum as determined by the 

Tukcy method.    The number of degrees of freedom  (f)  is a measure of the num- 

ber of values of  c      weighted in the average and of the shape of the weighting 

process.    The   U's  have a Chi Square distribution with  f degrees of freedom. 

The values of   U have the dimensions of  (length)   ,   and  U^  as given 

above is an estimate of the contribution to the total variance made by frequen- 

1 -r 
cies in the range from  2TT{h --I)/Atm to  2TT(h + 2)/Atm. 

The theoretical equations in this two-variable problem are given by 

For h 3 0  and h = m the values of  U must be halved since one of the 
frequencies defined above is not applicable. 
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(8.18) Qix'y') * lim      \     \    7J (x. y)^(x ♦ x'.   y^y'M^dy 

and 
oo   oo 

(8.19)     [A*(a*fß*)]2 + [A*(-o*,-ß^)]2=-L ]    .        Q(x,,y,)cos(ax, t ßy') dx'dy1 

-oo -oo 

The analogous summation formula for the covariance surface over the 

set of leveled readingsN-^  is given by 

(8.20) Q(p,q)=       Z 2      Jk    rPi^q 
k=0 j=0 (n-p)(m-|q|) 

p = 0.   1 20 

q = -20,   -19,  -18,   ...,   -1,   0,   1,   ....   20 

This determines the estimates of the covariance surface for the first and 

fourth quadrants of the  q, p plane (really x'^').    Since  Q(p, q) = Q(-p.-q),  the 

results can be extended into all four quadrants of the  q, p plane. 

The function must now be extended into the entire  q, p plane so that its 

Fourier coefficients can be determined, and the property that Q(p,q) = Q(-p,-q) 

must be preserved.    This is accomplished by simply translating the covari- 

ance surface parallel to itself to fill the whole plane. 

As a consequence,  the  Q's have to be redefined slightly in order to 

weight them properly.    The definitions are that 
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that 

/ 

and that 

for  p *   1   to  19.  q • -19 to *19 

QMO.q) =  Q<0,q) q = -19   to   +19 

Q*U0.q) = Q(20, q) q = -19  to  +19 

Q*(p. 20) x Q(p, 20) p =■  1   to   19 

Q*(p,-20)rQ(p,-20) p =  1   to   19 

Q*(0,   20) =|Q(0.   20) 

Q*(0,-20) =iQ(0,-20) 
2 

Q*(20, 20) = iQ(20,20) 

Q*(20,-20)=iQ(20,-20)     . 
2 

Thus points on the  q-axis have unit weight (but since  Q(0, q) = Q(0,-q), 

they could be considered as one set of values weighted twice).    Points off the 

p-axis in the first and fourth quadrants are weighted twice due to extension into 

ae  -p  quadrants,  points on the sides are weighted once,   (really   1/2  on four 

sides of yhc full expansion)  and corner points are weighted one half (really 
■ 

1/4  on the four corners). 

The raw estimates of the spectrum are then found from equation (8.21). 

(8.21) L(r, 8) = 
+20     20 

.      X        Z   Q*(p.q)cos[JL(rp+ sq)] 
800 q=-20 p=0 20 

where r = 0.   1,   2,   .. .,  20 

s = -20, -19,   ....  +20 . 

Note that  L(r, s) = L(-r,-s)  and that the spectral estimates have the same 

property as equation (8. 12). 
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A th#c« oi the computAiton* CAD t»« nude «I this point b> drftiung th» 

quantities,   L*,  AS below«    The sum of the  hol values of   L* thu» ubtaim-d 

should equal   Q(0,0).      Thus 

L*(r, s) * L(r, s) 

for  r ■ 1,  .....   19,        s a -19  to  ■»• 19 

and 

s = -19  to +19 

s = -19  to +19 

r =   1   to   19 

r =   1   to   19 

and 

L*(0,s) =^(0,.) 

L*(20, s)=^L(20,a) 

L*(r, 20)=]L{r,20) 

L«(r.-20)=^L(r,-20) 

L*(0f 20) - ^U^ZO) 

L*(0,-20) *-lL(0#-20) 

L*(20,20) « ^1,(20,20) 

L*(201-20)^ ^L(20..20). 

Also,   in order to smooth on the line   r = 0  and on the edges,   the 

values of  L are continued by the following equations. 

L(-l, b)  = L(l, -b) a = 0,   1,   ....,  +20 

L(a. 21) « L(a, 19) b = -20,  -19 ,0, ,  +20 . 

Ma.-21) = L(a,-19) 

L(21,b)  - L(19#b) 

L(-21,-21)8M-19,-19) 

L(21.21) a M19,lf) 

The smoothing filter la • Straightforward extension of the smoothing 
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filter u»rd in th» one dimvnsiofMi c*«# «• shown by the following »ch«m* 

where the pruduit of the two one-dimetisional smoothing filter« give the filter 

value« over a square j.riu of nine points. 

Table 8.1. The SmoothinK Filter 

Ü. ti 0. 54 0. 2J 

0. 23 0.053 0. 124 0. 053 

0. u;4 0   124 0. S-QZ 0.12- 

0. 2} 0.053 0. 124 0. 053 

The smucti-^d spectral estimates are finally obtaineH from equat'01) (8.2 3). 

(8.22)       U(r,B)      Ü.0 5 3[L(r+l> s+l) + L(r+1, s-1) + L(r-1   s+1) + L(i   1   s-i)] 

+ 0.124[L(r) 8*1) + L(r. s  1) + L(r+l1 s) + L(r-1. ^l] 

+ 0.292[L(r, s)] 

where again   U(r,s)       U(-r,   s)   ai^.d   r   -   I,  2 20 

s -     Z0     ■(■20 , 

The U's are es; mat«! of that conlnbui ion  o the total variance of tl.«   sta sur- 

fact  madv.  by \v  ^ es with, frequency compon«   us between   2Ti(r ■ ~) /   J ^x aild 

2Tt(r +-r)/40A>     r the   r  direction,   and between  2it(s --*)/40 4^x and 

2TI(S 4-)/40 A>     n the   ■  direction ^ 

One dllli«  ilty with estimating power spsctra by these techniques is  . lat 

the operation?,   ■•n the original data desc nbed by • le above equations GO no 

guarantee thai the spectral estimates will be po&.tive,   and yet in the ineory 

they should b        This is because a term of the forr.. 

sincX     sin ftY 

X     "        Y 

operates on the spectrum in the complete derivation when X and   Y  art  kept 

T 
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hmte tn equation  (8. 9).    This term can have negative value« *A'hich can make 

the  L'a and the   l''a  come out negative.    The  L'»  in particular can be nega- 

tive quite frequently because of the operation of the above term on the esti- 

mated spectrum.    The purpose of the smoothing filter is in part to eliminate 

as much as possible some of the negative values,    Usually the negative values 

are quite small and do not materially affect the analysis. 

In time series theory in general,  the spectrum is usually defined so 

that an integral over a given frequency band represents that contribution to 

the total variance of the process being studied made by the frequencies in 

that band.    In ocean wave theory,  another convenient way to define the spec- 

trum is so that an integral over a given frequency band represents the sum 

of the squares of the amplitudes of those simple harmonic progressive waves 

which lie in that frequency band.    This is the definition used by Pierson 

[1955] and Pier son    Neumann and James [1956].    The  E value thus defined 

is equal to twice the variance of the process under study. 

Equations  (8. 6) through (8.14)  and equations   (8. 18) and (8. 19) are de- 

rived with the definition of the spectrum used in ocean wave theory.  Equations 

(8.15).  (8.16),  (8.17),  (8.20),  (8.21) and (8. 22).have been derived in terms 

of variance.    To place all aquations in terms of ocean wave theory equations 

(8. 15) and (8. 12)  should be multiplied by 2 on the right hand side and then 

all results would be obtained in terms of £ values. 

In what follows, all results will be discussed in terms of variances and 

covariajices as far as the directional spectra are concerned except that 
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wh«B th«  IT vaJu«f for thm two i9ämp»admnüy obtAUi«d ••tiin«?«« of th« »p^c- 

trum ar« adcUd tog«th«r to g«t th« boat Üual ••timato, th« ratuitt will be 

in tormi of £ valuaa. 

Dtgrcei of Freedom 

In the  single variable caae,  each of the final spectral estimates has a 

Chi Square distribution with f degrees of freedom where f as given by Tukey 

is determined by equation (8. 23). 

(8.23) ^cJM) 

This result is obtained from rather complex considerations of all of 

the operations on the original time series which have led to the final values 

of the  U's.    In the case of an electronic analogue analyzer, the procedure is 

described by Pierson [1954],   and the results depend on the shape of the 

smoothing filter. 

In the two variable case under consideration here, the smoothing filter 

it known only at 9 points a« given in Table 8.1. 

The values of U(r, s) for a particular r and s is a random variable 

with a Chi Square distribution with an at yet to be determined number of de- 

grees of freedom.   When U is considered as a random variable the degrees 

of freedom can be found from the following equation. 

_2(g(U))2. (EWK)2   M^y 

lxmy 

(8. 24) 
I(U2)      4(rWK)2   mvm. 
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la equatioa (•.24), the W»'« a.« give« by TabU 8.1,   Mk  ia the «vrragr 

number of x points, and  J4    is the average number of y points used in rom- 

putiag a value of Q. 

It can be shown that the average number of x points used in computing 

♦he  Q values is     Nx - (m/Z)  and the average  number  of   y   points  is 

Ny - {xtiy/Z).    All of the  Q's  enter in each value of U.    The number of x 

points used for the individual  Q's  ranges by integer steps from  N    to  N   -m 

with an average value of N   - {m/Z},  and similarly for the  y points. 

The value of ( 2^)2/4(Z WK
2)  is equal to   1. 58,  and hence the final 

expression for the number of degrees of freedom is given by equation (8.25). 

(8. 25) f « 1.58 mX      ZJ   [«ly     \ 

Equation (8. 25) may underestimate the number of degrees of freedom. 

Instead of (^ • ■!) as in equation (8. 23),  it has the product of two terms 

"*    1 m   ^   1 t~"»l    and (-r^1-4) and Instead of a factor of 2 it has a   1.58.    The values *mx    2 * n»«    • 

of Q near  Q(0, 0)  are much larger than the values of Q on the edges,  and 

therefore values of  1/4 instead of  1/2 might weight them more properly in 

equation (8. 25). 

A Correction for the Wave Pole Spectrum 

The wave pole used by the R. V. ATLANTIS was free floating,  and its 

dimensions are shown in figure  8. 1.    Therefore it probably underwent a 

rather complex non-linear motion in heave,  pitch and surge.    If the motions 

can be linearized, the heaving motion is the most important,  and the pitch 
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Th« heaving motion in r««pono« to •tmpl« harmonic wavat of ampittud« 

a0 can ba described by aquation (8. 26). 

(8. 26) 

wave pressures en the horizontal areas of 

M« ♦ fi ♦ pgA^ * pgA1[^(H))a0cos jit 

I 
where (^(MI)  is determined from the 

the wave pole,  and M includes the added mass of the water set in motion by 

the moving wave pole. 

is given by equation (8. 27). 

(8. 27) ^) = e    «   ^    *      -e    «/A^I«     g     •« 
3V 

g 

where A.,  A^,  and A, are the cross sectional areas of the top, middle,  and 

bottom portions of the wave pole respectively. 

Note that as \i approaches infinity yl{\i) approaches zero and there is no 

force on the wave pole. As \x, approaches zero 0(|i) approaches one and the 

wave pole follows the wave profile exactly. 

For this particular wave pole as shown in figure  8. 1, (A^/A,) ■ (6/2.5)  , 

and (Aß/A^) 3 (12/2.5)  .    The function ${\i) is graphed in figure  8. 2.    Because 

of the greater magnitude of the areas of the larger submerged tanks and the 

rate of change of the wave pressure with depth, a wave crent actually produces 

a downward force instead of an upward force for most wave frequencies and 

this force is 5-* times greater than that which would have been produced by 

a very long wave acting on a pole of constant diameter  A.. 

The wave pole was* calibrated in still water by measuring the period of 
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oinllmtior. «nd the imping.    The reaoAant frequency «r«e between   »»0 • »•.41 

and ».    - 2e/42 and the ratio of observed damping to crttical damping was 0.16. 

When these calibrat:on values are used,   equation  (8. 26)   can be put in the form 

given by equation (8. 28). 

(8. 28) -ij + B^i + z = aoi0i) cos jit 

ia which u     is   Zn/41.    The true resonant frequency works out to be  2if/41.5 

(a period haJf way between the two observed values)  and the damping is 0. 16 

of critical damping. 

The motion of the wave pole under the above conditions is given by 

equation (8. 29). 

(8.29)     M() J
I - fe*^fcte CO' ^       ■       = ^0'    0 K(ji/u ) a^^ii)     »in^t 

11 - (^Ai )2i2 * K2(K/»iJ2    [i - Wig212 ♦ KWO)2 

in wh:ch  K  equals  0. 32. 

For  K  corresponding to a period of ten seconds,  the coefficient    of the 

cosinr is positive,  and the sine term is small compared to the cosine term. 

Therefore the wave pole will move up as the crest of a wave passes and the 

height of th.? rrrorded wave will be less than the height of the actual wave. 

The forcing function tends to force the pole downward in a wave crest,  but the 

left hand side of the equation is so far past resonance at the high frequency end 

that an additional   180 degree phase shift is introduced,  and the wave pole 

moves up in a passing wave crest. n 

The height of the water on the moving wave pole was recorded,  and the 

spectrum of this function is to be obtained.    What is desired is the spectrum of 
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the fuiutio i t .«I wo^ld h*v« lt.«n uw.4i4ird had th« wave polr      e.   ; utiona  y 

L. t  ^»d)  '-. the recordrd v.avc iie.ght and let ^(t)   ~c ..»c true «wave 

height,    'i.ic.i «.".Ubtion  (Ö. 30) can ,je obtained. 

(u. 30) ^r *(t = 9i{.) - >.(•) 

IL ütatt;, that if tlio.- pole we/c stationary,   (: (t)* 0) ,   yf^i:)   would ot;ual 

9^(t)  and ;aat Ü the v/ava pole followed «..ac vave pr j.'il':   -xactly, 

(??(t) = i.(t)),   ^*(1)  would be zero. 

From c uationj   (8. 29)  and (8. 30) th« result is that 

(8 31)   /v, D1'^^2^! f[K(^/^0)]f f.) (ö•31,   ^*(t) -If- g^ ja0coc^t-|—ö^^-j a0siiJht 

where  D(; )   i    tlie denominator or the termj in  {3« 28). 

L the v   v    •■ole rospon^a i^ linear,  and ii .ho free surface caii L-e re- 

pretentod    j  •      Lationary Ctc.us-.ian p. OCO^J wiui th .    | .ct:um [Ad'.)]',   it 

the. follow    kh&t th    •poctrum of t^ie rccurdad fu.ctic.. la related to the 

lipectrnm o.' I c waves by equation  (S. 3Z).    The term I      rackati is just the 

jum of the Square    of Ll.e two coefficients in (c.. 31). 

[(i',V0)~ - l + 0(H)1: -H K(..VO)21 

•    • 

(8. 32) LA*U)1" = 
[WM    - 1]' + K  (|l/|io)' 

[Adi)]' 

Ov    • r   gt: o' f.c uei.eic: cyp^c^cc lo the wave iccord,  the numer- 

ator o:'thi    e  p   eaalon is always leso ..ha^ tie a. lOmizyttOV«    Therefore the 

waves record  d    y L..C instruincul will be too low   ind the .;pe;tr"".m computed 

from the W9,yt  record will have to be amplifijc' to get the eorrcct jpectrum. 

The final equation given that lA*^-)]^  is knowu psi mi t    one to -ii.d   [A(n)]   . 
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(8.33) 
1 (M/^O)-. i ♦ Mai*« KJ(»i/»*0)J 

The form of the correction curve is shown m figure  8,3. 

The spectrum actually determined will be discussed in a later payt i. 

the report.    The author« are indebted to Professor B. V. Korvin-Kroukovsky 

of the Experimental Towing Tank at Stevens Institute of Technology,   and 

Harlow Farmer of Woods Hole Occanographic Institution for the derivation, 

discussion and clarification of equation (8.26) and to Mr.   Farmer again for 

calibration data.    Prof.  Korvin-Kroukovsky found from purely theoretical 

considerations using an added mass of unity that the resonant frequency 

should be near   38 seconds.    Tucker [1956] lias discussed the calibration 

of essentially the same wave pole except that the depth of submergence of the 

tanks is different,  and the derivation follows his results.    Tucker's results 

show that a change in the depth of submergence of the tanks by a few feet one 

way or the other changes the results markedly. 
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Ran 9 

THi: 4*£VEL£0 DATA,   i HE NUMERICAi. ANALYSIS AND 

THE NUMERICAL RESULTS 

The L«-   ' i*'*'. Da.a 

The fiis. iiumerical ids.v was to le« « 1 the data laaing th« equations derived 

in Part 8.     Missiw^ da.a was a complicating iactor.     F )r th« most part Ulis 

was caused    / de p  rseuce of the Al'LANTIS.     Th« missing coortanates are 

given below: 
Da,a Se.   2 Da'a Sot 3 

(39,45) 

(40,  45) 

(41,  45) 

(42,   451 

(   i, 45) 

(39, 30) 

(44, 63) 

(45, 3) 

(46. !3) 

{' •. • ) 

(46, '2) 

wuere  j   is the L&dttX running from  0   iO   :~9  aua  k  is   th« index running fronn 

0   to 89. 

With mi^sr | points in the dala: there are two possiule ways to level 

the data.    One  WOUld    e 10 minimize the sum of the  o   aarcs of -he deviations 

of the known   al   cs oi the spot height« ftom an ank   own tilted pla*.e.    The 

other would be co intevpoia.c th« u'O^nowr.    ab.es from th« know:  data; 

use them in the equations given in Part 8; and level       1 da,a.    T'.e iirst 
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:!»«• IP« proc»dur#» d««crib^ Äbo^ ••• •mploy*.  but it will »Uu b« •h-m« 

'«it lite «ecund procedure i» simpler «mJ that »t givea autstAntia.ly the same 

r<Hait«. 

Ihe original set of equations for the absumed complete set of data is 

giveu by the matrix equation  (see Part 8); 

AX = B 
(9.1) 

where   A  is the matrix: 

/*>* Zjk 2j 

(9, 2) [     Sjk Sk2 Sk 

v^ Lk 21 

and where   £   represents the double sum: 

89      59 

(9.3) k?0   j?0 

A calculation shows   A  to  be: 

u. 318.900 7.088.850 

/.Ü88. 850 14.337.900 

159,300 240.300 

(9.4) 

i   is defined as U e vector: 

(9. 5) 

2:jNjk 

EkNjk 

SNjk 

where   2   is defined by   (9.3). 

The column vector.    X.   is given by 
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(9.6) 

where a,   b,   and  c  determine the c oe'fit;ients of the unknown tiittd refer- 

ence plan'j. 

The equation for the leveled   data JS 

N;k = Njk - aj - ;-.k - c 

The modified equations which take into account the missing data are given 

by eqn.   (9. 7)   where the summations omit the missing points. 

(9.7) A'X = Bn 

The numerical results for sets   2  and  3  are as follows: 

Set  2 Set  3 

6.312,334       7,081,560       159,138 6,307,157 7,072,663   159,033 

A'    | 7,081, 560     14,329,800       240,120 

159,138 240,120 5,396 

7,072,663       14,313.780  239,892 

159,033 239,892       5,393 

B1 

/     767.640.680 

1, 184.012.640 

^6,618.730 

\ 

\ 
-.010744 

X       |     -.000140 

+ 5.256144   / 

• 

|      847,416.000 \ 
\ 

1.261,367.290 

\        28,650.330/ 

/   +  .001575 \ 

■ 
j       -.003584 

\    +5.425500/ 
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(f. f) Njk « Njk - .001575J ♦ .003584k ♦ 5.425500 

ftm IMM ^t* ar« giv.« i« Table.  9. 1  and 9. 2.    Data at the mi..ing 

point, wer. determined by interpolating the leveled data at the neighboring 

point.. 

The preceding can be .implified by interpolating the data at the start 

for the mi..ing point..    It will be .hown that this method yields the same re 

suit, to at lea.t five .igniflcant figure..    From equation (9. 8) the missing 

data in the second run are given by: 

(39,45) : 4.830825 

(40.45) : 4.820081 

(41.45) : 4.809338 

(42.45) : 4. 789590 

if Njl   i. a..umed to be aero at the mi..inf point..    By interpolation at the 
jk 

neighboring point., one could assume the mis.ing data to be given by: 

(39,45) : 5.02 
» 

(40.45) : 5.03 

(41.45) : 4.92 

(42,45) : 4.77 

If one were to .tart the leveling over again, with the mie.ing data 

tabulated above under the ae.umption that N?k were zero at the missing 

point, thu. u.ing the entire  5400 point, and the matrix A. there would be 

no change in the re.ulU.    Thi. i. a fundamental property of a lea.t .quare 
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• olution.    However,  u on« were to l*v«l with th« iaterpolAlcd 'l*i*.  the re- 

sults would be almost tadtstinfuishable, Iscauss the vector.   I   for ioth 

cases igpm* to at least  5 significan*. figures.    Hence the Solutions agree. 

Thus in a repetition of this problem, missing data could >in ply be averaged 

at the start.    The column vector B for Set 2 for the ce.;o |a which N-   is 

asGumed to be zero is given by 

768,420.609 

B = [ 1, 184,879.288 

26,637.989 

and if the irterpolated pnint» are used,   3 for Set 2 i    ^ive.. J y 

768,440. 13 \ 

I =  |l, 184,901.39 

26,638.49   / 

The missing data for Set   3 under the assumption that  N-^ is :.ero at 

each of the missing points is given by 

( 2, 45) : 5.26735 

(39, 50 ) | 5. 30770 

(44, 63) i 5.26898 

(45, 63) : 5.27056 

(46, 63> i 5.27213 

(45. 62) | 5.27414 

(46, 62) | 5.27572 

i 
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By taurpoUtiM at til« aatghbortag paints cauM «••umr th» mi«» 

lag «lata to ba givaa by 

i        k 

( 2,   45)     : 5.15 

(39.   50) : 5.11 

(44.   63) : 5.28 

(45.   63) : 5.39 

(46,   63) : 5.59 

(45,   62) : 5.43 

(46,   62) : 5.53 

The column vector  B  for  Set   3 for the case in which  N ,   is assumed 
Jk 

to be zero is given by 

B = 

.093 \ /    848,825 

1,263.519.932 

28, 687. 267 
\ 

and if the interpolated points are used,   B for Set  3 is given by 

848,856.34  I 

B=    |l, 263. 558.44 

28,687.81 

The leveling equations for the two different ways of leveling each set 

of data were actually obtained.    The greatest difference in the two sets of 

data between the two methods was -0.02 ft which was far below the level 

of accuracy in the original spot heights. 

The preceding calculations were carried out on the Univac, a large 
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digital computer.    TJM «ctaal compau'-on took oaiy • (** mtüat««; ho»r  c ' 

üi« cl«rical «•rkinvo]v%i in corr*cung «rrors la tha «Aata and in ire program 

caaaiunad almost two aours.    Wara tha problem to ba done for a new set of 

data, oaly a law mliuitaeof Univac time would be needed, at the program al- 

ready exists, and the data can ba made ready by a card to tape converter. ' 

jpectram Computation by Means of the Univac 

The computation of the covariance surface is an extremely long compu- 

tation,   involving many millions of multiplications.    Thus it could be most 

speedily handled by the IBM 704,  the NORC,   or the LARC. 

Programming the covariance surface on the Univac was especially diffi- 

cult because of its limited memory.   Since many numbers must be available 

almost simultaneously, it was deemed inefficient to store the data on tape, as 

tape time would add considerably to tha program's running time.    The way out 

of this dilemma was to break up tha 90 by 60 array into three arrays: 44 x 60, 

2 x 60,   aad 44 x 60.    There is considerable overlap.   Since we want a lag of 

20,   the middle group must contain 20 rows above and below; thus it contains 

42 rows in all.    These data ware packed 4 on a line.   In this way, it was 

possible to pack an entire section in tha memory, and still have enough in- 

structions for the program.   Since no room was left for sign, a constant 

was added to all the data to make them positive.   The reader may perceive 

how these factors added materially to the length of the computation run. 

Every two numbers had to be isolated by an ingenious system of shifts; then 
* 

« 
the same constant had to ba subtracted out.   Only then could the numbers be 

multiplied and tha product accumulated in a counter. Then tha calculation 
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of UM covartMc« surlac« la *cc«mpüak«4 ky MMMU of tliroo profrom« irt«M- 

lag tkroo 21 x 41 motricoo«     Tko stun of tkos« thro« matrices o^oola 

Q(p. 4)(90 • |q| )(60 • p), mad, o division will obtain UM rsquirsd valuos for the 

covariance surfacs.   Sine« the problem is quit« long, procedures have been 

established in case of machine trouble.   The program can be restarted by 

typing on supervisory control the initial desirod two-dimeaaioaal lag.   The 

computer will pick it up from that point.   A flow chart for this program is 

given in figure 9. 1. 

The spectrum program did not present such difficulties because the en- 

tire data could be easily written in the memory. 

These programs were compiled by means of Generalized Programming, 

a particular system of automatic programming developed by the Univac Divi- 

sion of the Sperry Rand Corp.    These programs for a general array can be 

found in the G. P. Library under the call letters AUC2, and COSJd.   They 

are available at the Univac Division of Sperry Rand, Inc.,  19th and Allegheny 

Avenue,  Philadelphia, Pennsylvania. 

To complete the program, an input-output routine must bo added. This 

program has been written«   It exists on tape at the College of Engineering, 

New York University.   Further checking is deemed desirable before a pro- 

duction run is attempted. 

The complete Univac procedure for deten tininj the spectrum from 

leveled data has thus been set up.   After further checking, it could be used 

given about twenty hours of Univac time for each set of data. 
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Spectrum ComputAtton by Ho+n» ot the Logi»U<» CompMfr 

The problem was eventually run on the Logistic« Computer,  owned by 
m 

< 
the Office of Naval Research and operated by the George Washington Univer- 

sity Logistics Research Project.    Time was made available by ONR.    This 

computer is a plugboard controlled electronic digital computer with a large 

internal dram memory of approximately 175,000 decimal digits.    For this com- 

putation a word length of 12 decimal digits (in reality 11 1/2,   since negative 

numbers are represented by 9's   complements)  was used,  providing over 

14,000 words of memory,   more than enough to store all the necessary data at 

each stage of computation. 

The leveled data  N:^  were provided on punched cards for both data sets 

2. and   3.    A later computation was made on Data Set  2A derived from Data S< t   2 

by the deletion of all j  from   50  to  59 and all  k  from 0  to   19  inclusive,  pro- 

viding a  50 x 70 array;  and on Data Set   3C derived from Data Set   3  by the de- 

letion of all j    rom 0  to  9 and   50  to  59,   inclusive,   providing a  40 x 90 array. 

The  N-.   were converted from cards to paper tape.    Conversion and input were 

checked by comparing    £ N-v  on the drum with a check sum of the punched 
j.k    Jk 

cards.    As nch value of Q(p, q)(90 *|q|)(60 • p)  was computed,  it was punched 
« 

out on paper tape,   ready for further input.    Total computation time for Data 

Sets 2 and  3 was about  30 hours apiece,  each computation involving 3,433.500 

multiplications and  6,867,000  drum references.    For Sets  2A and  3C the 
■ 

computation time was about   18 hours each.    The computer was allowed to run 

overnight unattended without encountering too many difficulties.    Due to lack 
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of time no check en the above computation was made for Sets 2 and   3 other than 

visual observation of the results for reasonableness.    For Sets  2A and  3C, 

however,  a check computation of    £   Q(p. q)(90 - |ia(60 - p)  was made,  two 
p.q ,T 

minor errors being discovered and corrected in the results for Set  3C.   This 

check computation required about 6 1/2 hours for each set and would have re- 

quired about   11  hours for Data Sets   2 and  3.    Since the Logistics Computer 

does not include division as a basic operation,  this had to be subroutined in 

order to find the values of Q(p, q),  a matter of a few minutes.    This division was 

checked by repetition of the program.    The values of Q(p, q)  were converted 

from tape to punched cards for listing,  the conversion being checked in the case 

of Data Sets  2A and  3C by comparing the sum of the Q(p, q) on tape with the 

corresponding card sum. 

The Q(p, q) were ted back into the computer,  being doubled before being 

stored.    Each side of the resulting matrix was then multiplied by  1/2,  the cor« 

ner elements belonging to two sides,  being multiplied twice.    In this manner 

the covariance surface  Q*(p. q)  was stored   on the drum.    1.21095 cos -«- 

(j = 0, 1,  • • •,   39)  were also stored on the drum.    The factor 1.21095 x 10'7 

- 

was introduced to divide by 800,   to locate the decimal point (since,  say,   0.311 

was entered as 311), and to convert from the scale of the stereo pLtnigraph to 

feet (0.1016 nun ■ 1 foot).    During the computation of the spectrum rp + sq 
* 

was reduced modulo 40 to the least non-negative residue.    Because of the 

ranges of p, q, r,  and s, resetting of rp + sq at the limit of the range of any 

variable was quite easy.    The total computation time for each spectrum was 
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about 7 hours,   b thm coo« of Ooto toto iA oaO  iC the Mr. i) «oro punched 

into cord*,  the CMvorsioa from top« to cord« being checked by •ummotion. 

In the «orUor computation of Doto Sets 2 ond 3, due to sn error mode with 

derivation of the equotions in Port 8, the values of L*(r, s) were computed 

and punched into cards.   As a check ZL*(r, s) was compared with Q(0.0)/(1.016), 

to which it should be equal.    This check was made by hand for Data Seti 2 and 3 

and by machine for 2A and 30.    In all cases there was agreement to four signi- 

ficant figures, the values for Data Sets 2,   3,   2A, and 3C being 4.614,   4.299, 

4.105,   and 4.049»  respectively. 

For Data Sets  2 and  3 the final smoothing was psrformed incorrectly,  due 

to the abov« mentioned error, on the L*(r, s) matrix rather than the Mr, s) 

matrix.    This error was corrected by the time Data S«ts 2A and 3C were run, 

and correct procedures are described in Part 8.    The Mr.s) matrix on the 

drum was bordered to provide the proper values for  r ■ -1, 21 and s - -21. 21. 

A final computation of approximately 15 minutes per data set provides the 

U(r,s).    For Data Sets 2 and 3    U{rt s) (incorrect in the two outer columns 

and rows because of the use of L*(r, s)) was punched on tap« and converted 

to cards.    Many of these values were checked by hand, and no errors w«r« 

discovered.   For DaU Sets 2A and 3C   UCr, s) (correctly computed from Mr, s)) 

was used to obtain U*(r, s)    (the borders being multiplied by  1/2), punched out 

on the tape, and converted to cards.    For both of these sets as a check 2:L*(r, s) 

was compared to Zü*(r, s), agreement being obtained to seven significant 

figures. 
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Although computation time was greater than it would have been oa the 

Univac or other large machine,  the problem as done on the Logistics Computer 

was conceptually simpler, because of the ability to store ultimately all data 

needed at any computation stage,  and more economical (even ii the problem had 

been cltaigedfjbr)  due to the smaller cost per hour of this machine. 
■ 

In conclusion,   the authors would like to thank Louis Grey,  Anatole Holt 

and William Turanski for the help and advice they have given in the Univac pro- 

gramming,  Gordon J.  Morgan of the Logistics Research Project,  William W. > 

Ellis and Bernard Chasin who helped with the IBM card operations needed to 

provide the tables in this report. 

The original spot height data furnished by the U. S,   Navy Hydrographie 

Office, the leveled data, the values of Q(p, q),  L*(r,s), and U(r, s)  for the ori- 

ginal computations, and the values of Q(p, q),  L(r, s),  and U(r, s)  for the re* 

duced data,  are given in the following tables.    (Note that in order to compute 

the U(r, s) v lues, the L(r, s) values must be used, and not the L*(r, s) values.) 

The tabulated values of L*(r, s)  should be doubled on all borders except at the 

corners where they should be quadrupled to obtain the L(r, s) values.    These 

values are also available in a deck of IBM punched cards at the Research Divi- 

sion of the College of Engineering,  New York University.    The raw data and 

the leveled data are given in 540 cards per run» for Data Sets  2 and 3 and 

350 and 360 cards for Data Sets 2A and 3C, respectively; and the covariance 

surface,  the spectrum, and the smoothed spectrum are given on 841  cards 

per run.    Thus  11,882 cards are available in all.    All Logistics Computer pro« 

grams used are in the possession of George Stephenson. 
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BwpUMtAoa of T**dmm 

The decimal point is not shown in any of the tables.    The units for each 

table are given below.    Negative numbers in all tables are shown by an 

asterisk {*). 

Tables 9.1 and 9.2. 

The value of N(00, 00) in Table 9.1  (the number in the upper left corner 

of the first page)  can be read as -2.56 feet (approximately).    To get feet 

exactly divide 2.56 by  1.016.   All other numbers can be similarly 

interpreted. 

Tables 9.3, 9.4f 9.15, and 9.16. 

The value of Q(0,0) in Table 9.3 is 4.763 (ft)2 (approximately). To get 

(ft)2 exactly divide 4.763 by (1.016)£. 

Tables9.6, 9.7, 9.17, and 9.18. 

The value of L(0, 20) in Table 9.17 is 0.0013 (ft)2.    All other LC. •) 

values can be interpreted similarly.    To convert the Li*(r, a) values in 

Table 9.6 and 9.7 to L(r, s) values, double all entries that have 20 as 

a coordinate, double the first column, and redouble the entries at the 

four corners. 

Tables 9.8. 9.9, 9.19. and 9.20. 

The value of U(1.00) in Table 9.19 ii  0.0302 (ft)2.   All other values 

can be interpreted the same way for Tables 9.19 and 9.20 in which the 

values of U are bordered. 

Note Tables 9.13 and 9.14 in connection with Tables 9.8 and 9.9 
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in which th« corr«ct«4 values of U(r.s) arc not bordered. 

VabJes 9.il aud 9.U N|0.00) i»  50.C feet app&axianauly.    To eottVCTt to 

feet exactly,  divide by   1.016.    Other entries can be interpreted 

similarly. 
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T*bU f.lS 
Errat* She«t for   Table  9. 8 
(L'(r,«) values for Data Set 2) 

Row 20      Row -20 
Column 0       Column I      Crfum. 19      CoWn^O SfiLS      - 

20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 

o 
-i 
-2 
-3 
-4 
-5 
-6 
-7 
-8 
-9 
-10 
-11 
-12 
-13 
-14 
-15 
-16 
-17 
-18 
-19 
-20 

-0011 
-0006 
-0002 
000 3 
0002 
000 3 
0002 
0009 
0028 
0062 
0081 
0075 
0074 
0083 
0122 
0190 
0204 
0131 
0087 
0143 
0^02 
0143 
0087 
0131 
0204 
0190 
0122 
0083 
0074 
007 5 
0081 
0062 
0028 
0009 
0002 
000 3 
000 :. 
000 3 
-0002 
-0006 
-0011 

-0015 
■0009 
-0001 
0002 
0005 
-0004 
-0006 
0007 
0028 
0058 
0073 
0070 
0072 
0083 
0133 
0231 
0278 
0147 
0032 
0095 
0218 
0280 
0448 
0449 
0280 
0202 
0136 
0093 
0078 
0079 
0084 
0065 
0029 
0007 
0004 
0004 
-0008 
-0001 
-0002 
-0007 
-0011 

-0014 
-0010 
-0005 
-0002 
-0006 
-0017 
-0016 
-0002 
0022 
0044 
00 58 
0058 
0057 
0062 
0073 
0082 
0070 
0021 
-0049 
-0081 
-00 5? 
-00 64 
-0048 
00 2^- 
0071 
0086 
0073 
0056 
0052 
0055 
0052 
0041 
0021 
-0004 
-0021 
-0020 
-0010 
-0003 
-0004 
-0010 
-0016 

-0013 
-0009 
-0004 
-0001 
-0004 
-QOlb 
-0017 
-000 5 
0018 
0041 
0054 
0056 
0058 
0064 
0076 
0084 
0070 
0024 
-0049 
-0062 
-0024 
-00 5 6 
-0046 
002'. 
0071 
0088 
0077 
0060 
0055 
0054 
0050 
0040 
0021 
-0004 
-0019 
-0018 
-0008 
-0004 
-0003 
-0009 
-0013 

1 -0016 -0011 

2 -0012 -0008 

3 -0008 -0005 

4 -0010 -0007 

5 -0012 -0012 

6 -0012 -0013 

7 -0012 -0010 

8 -0014 -0010 

9 -0014 -0010 

10 -0013 -0010 

11 -0013 -0014 

12 -0018 -0016 

13 -0017 -0016 

14 -0013 -00 IJ 

15 -0014 -0015 

16 -0014 -0016 

17 -0015 -0016 

18 -0015 -0016 

19 -0015 -0016 

12 < 

. 
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T*bJ« 9. 14 
Errata Shcel lor T*Ue 9.9 
(ü(r.«) valuf» lor Dal* Set 3) 

Column 0      Column 1       Column 19      Column 10 Kou ^0       Row »jg 

20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
« 

7 
o 
5 
4 
3 
2 
1 
0 

- 1 
-2 
-3 
-4 
-5 
-6 
-7 
-8 
-9 
-10 
-11 
-12 
-13 
-14 
-15 
-16 
-17 
-18 
-19 
-20 

-0004 
-0002 
-0006 
-0010 
-0013 
-0006 
0000 
0013 
0026 
0041 
0076 
0089 
0094 
0120 
01r2 
0152 
0128 
0076 
0165 
0742 
1286 
0742 
0165 
0076 
0128 
0152 
0152 
0120 
0094 
0089 
0076 
0041 
0026 
0013 
0000 
-0006 
-0013 
-0010 
-0006 
-0002 
-0004 

-0004 
-0002 
-0006 
-0009 
-0012 
-0007 
-0004 

0010 
0026 
0033 
0060 
0075 
0093 
0100 
0145 
0204 
0183 
0097 
0136 
0386 
0872 
0651 
0337 
0361 
0266 
0163 
0152 
0125 
0096 
0087 
0075 
0049 
00 30 
0018 
0001 
-0007 
-0014 
-0007 
-000 5 
-0002 
-0004 

-0006 
-0003 
-0008 
-0010 
-0011 
-0008 
-0007 
0001 
0016 
0031 
0346 
0060 
0071 
0071 
0077 
0059 
0046 
0027 
0028 
-0083 
-0216 
-0086 
0021 
0029 
0049 
00 59 
0076 
0071 
0070 
0057 
0045 
0029 
0016 
0002 
-0007 
-0011 
-0013 
-0011 
-0010 
-000 5 
-0007 127 

-0006 
-0004 
-0010 
-0011 
-0011 
-0007 
-0006 
0001 
0017 
0029 
0044 
0059 
0075 
0073 
0073 
0057 
0Ü4D 

0026 
0027 
-0084 
-0230 
-0094 
0020 
0028 
0049 
0058 
0073 
0074 
0074 
0056 
0042 
0026 
0014 
0002 
-0007 
-0011 
-0013 
-0011 
-0011 
-0005 
-0008 

1 -000 i, .000 . 

-00U3 .0001 

3 0002 000. 

4 000-1 0006 
5 ■ • 0000 0000 

6 -0003 .0003 

7 -0005 •0006 

8 -0001 ♦0005 
9 -0004 .0003 

10 -0003 .0003 

11 -0003 .0002 

12 -0007 •ooo: 
13 -0010 .0007 

14 -0009 .000h 

15 -0006 .C007 

16 -O0O7 .0009 

17 -000 3 •0008 

18 -0008 -000 V 

19 -0006 .0007 
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•••©••••«OOOOOOOOO^O  »9099000000000000000 

**oo*o*«**>ioooo*M««*«(«(«*.oooato««no«*««n{«,«oooMn 
•••ooooooooooeoooooocoxbooeeoeoQooooooooo 

••••••••••< 

X  0"«90>'«MMOM««aaa4aa9oo>«(«««»39»Otfi'>9Mm«(Ai(«ni393MM 
oooooooooooeooeoeoooooo- «0000000000090000 

•••»••••••••• 

—  .O90«*^*»*«»«^»(»»<909009^^«»»»9?-.n*00n;»;*!i0090- 
••999999909990999993333333033339393939993 

•••••••■••    ••••• ••■« 
• «•>**>«**'M«**^«rf'00«'''<l>at<-*M*->IOS«>30>>«0>'«0> 

3      ■•^999ll'»ftl««(*^»*0339-4«-«3"'^«ffc«»>''l«'»«33--3-«--'4 
99900900990990090939333993399303939330939 

••-•OOOO^WIO^^^Bl^lip-Wl^i^^fttMO^rflA^^O^C^^niOOBO—W-* 
••0900009009e090 9990 33 390 930990909 93 39 999 

99a9009«»0e000000939339909303399ao03030993 

l»vii*9r«»999*»»-"»onir»-'»-vrf'0«> ^^-«a« ^«^♦•'«c »«N-T 
^OOOO^MMAMniMMMM « A««^P>N /!•* — .***«« •#«»*^Nni«K%-^*« 
9090e000000000009903009009009000000C90030 

^ OC Al 

eoooooeoooeorfooooosooooooooooooooooooooo 

9   . 
I 
1 

eooooooeoeooooeoooo*««"--aoooooo9oooooon3oo3 

aH»033099300S303003 300 33 3-33 3030 3 3a3,5,5 300 

09^»333»3093300oa3333333a0003330000033000 

--(^l«>l•^•<"^l••n•^•1•■^•«'>",o/,0-"•••''•^,,"'•*'""•'•''* 00«a000O0000O000-<»"-'«- = OO3O3oO3O0O3O0 0 3330 

'»-«-* c « o 
^9l,«f.«»«««~»<o»>«P.««»»'-/'3«

,«-M>«">-0 3,"«»,«3«" 

0»0««0«0000000000--!»'»--<300000000 000 00 9000 

• oeoooeeooeeooooo-xv^v^N-^o 0000900030 003300 

M 



••••••••••••••••••••• • ••••••.• 
••••••••• 

••••        •••          •••••••• 

••••••••      •••••••             ••• 

• • 

oeooeoooooooooooooooooooooaoooooooooooooo 

c^poeooooooooooooooooosoooooäoooooooooooo 

»•«ii»-««r»--o'*»o»««^?«-N« ■^»»P-f^O-V»* t > /« « « > rt « 

00000000000000000000000000003000000000000 

•««tm^i^^Mil« M^^^D^* • -^ ■« -. - 3 D M* «I «4 •« w| ■« OOOO-^-V^«*«*!« 
OOOD0330000303303030000030D003003300D003D 

«•Ä^-»«0'*-»-««"»^'C0O««-V«N>>^.*>««*^«-0-'30^> 

00'>0033330033330^3000353T03-33330-533003^30 

-f*'*.»^/>-.0«-«-Tt«^^-CIl*»I3*«^>0^^«>> r^ BC-^^*,>D 
000000»««-OOOOOOD — --*«0000—••^^^•^*>^•»•^■^'V —oo—o- 
0000000000333033033003303330000333  -5030033 

• •••••••••• •• 
«••'*'»'*-/i*«o>fv — «>c>«i —»"■/»fM««'« -•e> **•#<■•#• *«>^ 

3"«^-*3O0i-0-*33 — HüTlII-«-*—-«-«— ^M^*^«««***^--* — 0303 
0000300033030-3333333333033000333333333305 

• • • • 

.■■•0-a,«.«M.«NM*0ni«,'«tni-«33300««Mfl*^fW{«%m-*33-«.«-*333 
0000000000000030330303000033030003 j030003 

— OOOOC^H**—0-*'«"''-t*«^llO0'*',"'«',>»»TI'--03C—'*,»Qa 
0000^30C00003CCC03COÜOOC00000000000003000 

(••••rf»->l»^0«^t 
• • • • 

3333——D-«l*<»—•-«"••'V3-«^^-3—»*,«*sfli?i,*333««33-33 
0000300000000G300T)OOC»3n03003000300033030 

• • ••••• ••••«•• •••• • 

00000300'*M*-*0***>«0***«***0-<*^'«''l*>«^iaoO>«>«0000 
303030003O3O33333000O039OO39O000309933333 

033033333''l'*--3-^^*3'«^«««,^^i'*33 — ** — ^-«33'*-*3335 
33300000030030333003030309333033300330300 

ococ---»-crcco--rv'»~o-.-i*'«/-^:«*-coaoooo--oooo 
090990999309009909090099909909999999^9909 

■53r^---^^<----««-.-i|-»*-H^|3* A#^". ««•---0O3--'---03 
990099099903333009009990000«0000a00000999 

90093999900300000030000000000000000009909 

• • • • • • 

0000009eOOOOQ0930««-*(a 
— «»* «iO-i*«00"«0000'«'*«-09«" 
NMOOOOOOOOOOOOOOOOOOO 

O O 09 O 999 9 0 0900 00 0'* MM«»! «MOO 00 00 000000 00 0 09 

iceescseteccss* 

in 



0999-999'99999090.999150*0-'J99nzl'*-:099'a9999099 

m      000000>0^>0'«9>*"I33 
eooooooooo ooooooocoooo aooooocoooooae soooo 
9999999990C99&9099U'J->'*'~>09<*99999999W09O99 

0009'*909 — <*~' — ^990~'<9 -9» <"3 3 0N9-*.49M900M9O99 9 
3-03003309^0900303003» 

303003300-»* — Oj»-00-i-s**i--*-\-««o^^^3^^^a3-«0-« — =» 
0000300000009000000933900033903000^000090 
ooosooooooooooooooooo^Toaooooooooaooooooo 

30333-D3««3--«*,,,»33'»^'M'»^9«33'O^I9«l-4^^ — -0930M0 
oorjoo^oooooooo^ocooooooroooooooaooooooooo 
0300000000000000 OOO-'JQOOOOOOOOOOOQOOOOOOOO 

• m        • 9 

3 -03r*T 3-»>-«0«-03«0 Tl"*>3 1«»-«-3 — -»0-*,»00 — — ntooooa 
33330033JD0303003333«30 3 30i30JjOi3933D339 
ooooooooo^o^oon^onirooooooooooTooooooooooo 

• • • 
■}->--)'533'5- n — « — — ^ — T«*- >- \ee« :5M--* ^ — -OOOO-«— 333 
303O33 3 333333D3330J3--3'3333D3S33333333O30 
3333333333333333333D3333;3303333333333303 

•       ••• • •••• • 
333333-O—— — O^l— n'?^ — — 33—*-■>! — /> — —M«31ID—3 — --OOOO 
333^333?3333333333,*-33J33->333333333333D33 
"333933313333^33       ^3,53333333333333333333333 

• F   • • • 

3-— O'TTO'^OOO— «ll-• >«•/»-« — -^3«*H — — — 3—30T — 390 
300000300033JC:CiCD3; 0^>. — O 30i333003C 3033030 
3333 3 933333393333J33J39333333333333039333 

• • • • • 

933333 33 333333333333 ^33333333333393399339 
3339333033:339333333333333933933399399333 

• • • 
^3-3— 33^-3—-3N — /- 3* — 3««*«^C«*«^l — 33——99«*t l\9- — 
333O39333393333Oi-9-3(*'*9^-993330309090990 
9330339930r33333333,?33 3 333333339303030999 

i 
1 
1 

> 
9 

3-333-,»9 '••'3--«-*3«»»-»N^«"»-'*-*,»',»*---9---339 
.■>030ceO33t 3033C!3-0 — >(*3w >I^D093303909090309 
30300000000909000000303999090000000900900 

•  •      • • 
•.I-33>Y-3-«-3«-^3«3*»C<9««*^3-->,«3'««*MM999-*M 
33339993339333333333-'V-9-,»3939333399-»99J93 
-* - -'n9C00333097' 39939 3 3333'330000039n3090 3 O O 

•      • ••• ••• • • ■ 

••3»"3»3^3 — — n^.^m'^» — t«t .* — — -< »^»T*'—•3'*3*»^ — — 
393099393 3 33'>J«3-«3>l« «--33-3-3999993999933 
3933993j333333i333->3339333399399999399333 

• •      •       • • • • 
3^13939939 — 3 i« -s-*r>*«"»**«* « /»* ■*00 — »«—0 — — '*3*«9—3 —o 
333333333115^1 j-i-ji^n-a««^ — 33335333333333 
3393339333353^3-»'»-*33333393939333333939333 

•       ••• • • • •••• 
0-»30'«3«-»*-«l'^^'«*V«««^/^3^-#-»----»»*-1«9-91lC 
90990909S0-' r09^3'^OÄ — *N«fc -—O — 0-C0309000JOC 
333333333939393J9933393399393339993999990 

•      ••••••• •••      ••• 

93333333993? '»S '3* J^^^I^^-^O — 3-*9399333333 
33333333333333333930-«-333993333939999993 

■ • • •      •      •       • 
*•««• 9 •«•• «I« M •••••*•» A »«#«« 3 ««11 ^ ««« k *««•«•«••• « 
939333333333-?3^3*r»(*i**. — /*—^ — 1,<I333333999399J^ 
999339039333r  39333 130^-,I0  .  3933^0990009093 

• ••• •• •••• • ••• 
3-*>---'-)«')-^'--,-^-.««.-**N>r--->i--*'A-M3"»«N3->«-? 
00930333033030^'»"' 3 — -.SIC ■»»—>l0003OC0eOO30000 
9 0 00000000009000300003^000000000000000000 

•      •      •      • 

3333333399333333 — 3««N*«3-^333399933333393 
0039009003300000090 riDOOC 0000003003303^330 

9 • t * « r t :»■*■**■«'■ I > »• tt * •J'1**' (»3, 

uo 

I- »'«*t»3 

» " f 



• •••-• 
ooa«ooooa 

•9039993J33033J903>9^39S99j»a93903909^ 

Z -»99--9-9 3-*39---9-'>l^-« •3 9^-9-9-r5-9a^^»-o^ 
933999993 9 3999^0- "Saao 3 5 393o0303rj,,3^3030 

•999«««999*3»99399>399999»99909999993«9g9 

I 09-9-33--*39*-fVN3M-'«l3rf'»^^^TiD«333„«D;5^333^33 
0999993t;039J99^ '333-^33-aooo0f,03)3ooaoo:3030 

90939009000090933^3000 0^33030993003999900 

• • • • 
9-9-«3---9'«>i9-^333«*"3«^«^-B*%o^«09999**wD090'5 
OOOOO-JOOOOOOOOOODOOCOOOOOOOOOOCOOOOOOOOOO 
90900000033003033OC0030SC0000000000300000 

• •    •    • • • 
-«"•3*.0/i^-«3\- — 0 — -^3*-<«3J-«3C-V«>«- ««IT*»»«!- ^«»^^^ 
00'»OM«3-V-MO^^«-T|W-3««-VN/IO^^^03^0F,0^^00^^0 

9333093939339339D-«D9333333309099039999999 
9SS393OC3n9D9O03O093O9O0003OO93O003OOa000 

• • V • 
>**/|-V^f)-v/i«Mn«^*N*»,X0*M'>»**c«"O-««0«A«r*-1*-—0»0»«>» 
■^-5^—Or-r'^'-3M 33N'**TI O*1-^» > O—^'--; ■»■*-i3^"*-3»-999339 
9903039390033 3 090C>330«J30 0 000099993000990 
33139393O33333333333339^J3033339399939999 

• • • « •  • 
•1^l330»,^**'-'>»^>>3',«^*>»O>B»0»T|^iJiP-0fni—w«««« 
0-'—-«^3^ —OS,^—»-»>«--'','-»VlwT)«*«0^O9'M0'^'-'^-«',»*i-,^'»O 
399333933^9333333 33M-«39393333933393339339 
99993399393333303333303300390939339309993 

• • • • • 
W0^«wc«ö» — 33>DTI'»',''^"set«'"0'"»*,^l|i|-*^*l^»'^?-*rf)** 
-•-403Q-*O-M«>IDrTiT»^y«*3^,»-B^i«-"TIC'«-» —»•O^C'O^OOO-«»« 
OOOOC r-OOOOC! O• O OOCDOC ^lOOOOCOOOOOOOOOOOOOOO 
99333933393 :5 09933330300933033909999939099 

M M « ■> r- ~ r m m > r* a«-* 3«-- r.Oit^^^r««« M^<^^9»9vt«M««^ 
^311«^ — 93— 9% 3-»3*,',-'*'-C« /'3*'3«!>l^-< — — '*9''3'X0'«39-' 
9333-»333933333333333--3-*9-^3O9O0O03933O999- 
93333393039393339939309390993309933999930 

• ■ •••• •• 

^3-W3*3933--*>l>lO<--f^%»« —-•'-9'>«%->t9«-*-'-9-*- — 
03000033000930333D>4M«^90000M9=C9399909090 
09300000039000000339003000303001300900000 

• •    • • 
MMO — NO^i' —•---■*-•—3<33**- o«»* •■"•3 — ^""^»-»O TO^^I—O«* 
OC3O0O- 0O900OCC00Cl|'^-*3«-«00C000n0OC0OOJ0C 
00OOOC0iOCC33O003COOO0 3COOOO OCOOOOOOOOOOO 

•    •• • ••«• •• 
-.-r — «c—-•«»»\«--«0 — »•^•'>|■>l•■■»^lC^■C•o•«••,••^•^■ 
O33O»-0,*0-«9*O«O'"9J0*,>IP'««« V C *>"** «»-O-»^ ^9"-0-«0»-0 
33393999339933<«9-«'«-'-<^«9393999993399393339 
0090309C9,;OOr:9->OOt:09009C090000300000COOOO 

• •• •■••• 

•»^»•OOOTOV^^O — •*'" ^ - • - \rt«»«<'30»«l>»-*3"«-«"'303-«i- 
9939-, 33399939 3393 3%-! e*,-*0-—O939O3O39003O0 
33333333939339333->39933333999933339933339 

•      •■••••• ••• ••••• 

333393339333993-«3H3»"-*'l»*3'«3-«»*393333333399 
39?3-,-'3*93r'399393303,9993?-,3093999~,3-S99333 

• ••• •• ••••• 
»'O'JO — -^IM-'-C-»'-^»*- c •»«•«••••••n4i#*M' ■•••••• 
OO90r;cO9S3303;w^-''W^—^•/■Oir^O—OOOOOOODOOOOO 
9399393393-)'599333933-'-9-09999900999399330 

3-t-.;^%^-\-«%-;%«':»'>«»j-«'»«-»««»«*""'<^,,,«3"3 
333333333;3909-"3%-*--fl3-««-*9399--3933339933 
393300333009993339393-3993390099993399900 

• • •      • 
■.«--9i«9-«\9\->)v-w-  >«€>■  3r^lw-e«%«339»333-»3>.- 
993993990039300''«93<'l«-'*0«0 — — »«999333399999 
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ANALYSIS OI-   WAVE POLE DATA 

Determination of spectra and correction for wave pole motion 

Three wave pole records were taken at the times shown in Part 7.    The 

records had been read at an  0.2 second interval at Woods Hole for another pur- 

pose,  and the numbers were made available to us by Harlow Farmer of Woods 

Hole.    Every fourth point in the sequence was used in the determination of the 

spectrum,  and the result wes that the first series had   1,758 points,  the second 

had   1,686 points and the third had   1,764 points.    Sixty points were estimated 

for each of the spectra.    The formulas given by Tukey and described in Part 8 

were used to compute the spectra.    Since the points on the record were  0.8 

seconds apart,  and since 60 lags were used,  the result was that the A£ values 

of the spectrum for frequencies between  ^i = ZTr(k - -^)/96 and  |i. = Zv(k+ -l)/96 

would be estimated and plotted at the point  ^i = 27T(k)/96 as k   ranges from 

0   to   60.     Frequencies above   dv/l.b  would b»- aliased. 

The values for the three spectra which were obtained were averaged after 

a study of the individual values showed no statistica'iy significant variation at 

the 5 percent level from record to record.     Nevertheless,   there may have been 

fluctuations from record to record due to variations in the wind field which 

would show up at a lower level of significance.    The average was multiplied by 

the correction factor derived in Part 8   in order to obtain the true spectrum of 

the waves. 

The result is shown in figure   10.1.     The solid curve is the estimate of 
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the true wa-.e .pectrum.     From :   •   a -o  e l.ngth. oi  r     ord.   one ca;. 

compute that each spectral eSrima:e ka,   174   d^rc s ol  freedom so 

that the dashed curves abo.e   and below Lhe .olid cur.,   8; ^ t;ie upper 

95 percent and the lower   5  per. en. confide: ce bands for portxon. of 

the spectrum wher. tt !« no. rap dl       aryi.g.    Tue    ou-.ds are prob- 

ably quite a bit broader at the point   k =  10.      Sta ed another way. 

the true spectrum would he between .he bo. ad8 show    for nine poxnt. 

out of ten.   where it i. not varying too rap dlv.   g:   e , .ha;  .t could be 

determmed from a much larger record under whxc'-  cond.  .on8 .ere 

stationary. 

im Comparison with the Neumann Specirui 

This 8pectrum was compared with the thaoretical spectrum de- 

rived by Neumann (1954] la two diff.rtnt way,.    The first was by 

Plotting the theoretical Neumann specrrum aga::;8-. the ob.trved 

•pectrum.  and the .econd wa. by computing the co-cumulati  e 

•pectrum. 

The compari.on of the .pectrum wa. obtained by evaluating 

the Neumann .pectrum with dimension, of ft^-sec  for a set of dif- 

frent wind .peed, at the frequencxe. given by  ^ . Z.^l^ and muU> 

Plymg by   2.796  with dimensions of sec'l   to get an estimate of the 
- 

AE value with dimensions of ft2   between * = 2u(k .1)/Q,,  and 

|A = 2Tr(k + 2)/96.     The quantities are thus directly comparable. 
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From Figure   10. I,    one can aee that the energy for frequentiei 

leas than  2ir/96  ia negLcib]e and is probably due to such effects 

as a alow drift of the recording instrument and a tilting back and 

forth of the wave pole due to the varying pressures of the wind act- 

ing on it.    The total  E value for the spectrum  (E equals twice 

the variance of the wave record,   and it also equals the sum of 

the squares of the amplitudes of the spectral components)   for fre- 

quencies equal to or greater than  2n9/96  is  4.94 ft  .    When the 

upper and lower confidence bounds are taken into consideration, 

as will be explained shortly,   one can conclude that the true value 

probably lies between   5.28 ft2 and  4.59 ft2.    (See also Table 10.1.) 

Since 

(10.1) E= 0.242 {jft) 

as given in Pierson,   Neumann and James  [1955],   where   E  is in 

ft     and  v  is in knots,   an  £  value of  4.94 ft     implies a wind speed 

of  18.25 knots,  and  E  value  of  5.28 ft^  implies a wind of about 

18.5 knots,  and an  E value of 4.59 ft     implies a wind speed of about 

18.0 knots. 

The Neumann spectra for   19.00.    18,5.    18.25,    18.00  and   17.5 

knots were computed in order to cover the above range,   and a little 

extra,  and plotted against the observed spectrum.    The results are 
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■hown in figure   10.2. 

Figure   10.2  shows that no single theoretical curve for a parti- 

cular wind velocity lies completely within the bounds of the 90 percent 

confidence bands.    In general the values for the observed spectrum 

are too high for  p = 2ir(ll)/96 and  2n(12)/96 and too low near 

K = 2ir(15)/96. 

However,   it is also evident that at least one of the five points 

plotted for the five different theoretical spectra falls within the 90 

percent confidence bands on the observed spectrum for all values 

of k between   10  and  30.    A variation in wind velocity oi ±S per- 

cent about a value of  18.25 knots is more than sufficient to explain 

the observed spectrum at each of these points. 

At values above  k = 30,   the observed spectrum is a little 

above the theoretical spectrum.    This may in part be due to a 

small amount of white noise. 

An appeal to the meteorological turbulent variation of the 

wind speed and to the theory  of wave  generation and propagation 

must  be made in order  to clarify this point.    The  observations 

of the    ATLANTIS as plotted in 
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.gar-   7.1 »IJC^ ••*.•   ».*. .  ^      .    .. .   «« < I-       o«.    !*• 

. i.o.«,   ^0 luiocfl,   19 iuiots,   1<   «no.«,   -o    ..o:«,  * c I.    . u.«    . .\      .. u .00 

and 1 .00/   o.. t/u- ua;   .J. the oost.r . a.-Ou».     .... rcaUfci  -.■    ^-.. ci a.   a dovr: 

aiid fluctuated between   13  a.id   1 .     IO.S until af.cr the a   s< : .a -■>  s u .J 

completed at   1 800Z. 

The Neumar.,. tneory of wave generation require« a duratr'ox. o    i.3 hours 

and a fetch of   : .-  NM in o  dt- ..o produce a  fully develop, d s* ;   . .   I-s ki o s, 

and a duration of   ID iio.,rs and a fetch of 7     1\M. -o produce a      11;   developed 

sea a. 20 knois.   An average of the wind speeds   d om   U .00 to  1    50    ,   as r .ad 

at half-hour intervals    rom the linos    onnecti: g the ar .ual ob«   . v.     o. s, giv^s 

an avei age wind sp  ed o. about  18.7 .;..ots which compa.es lavo  a  ly with tl" . 

values used above.    The duration of 9 hours would be enough .«i p  odu  e a 

fully developed se;   at .ms wuid speed,   and it certainly S'«ms pla   si  1c that 

the fetch was u.t least   i     NM. 

Ove:   the ocean i.rea upwii d of tht   point of n   S'      .     o    (.   f   s.    .   c Oi 

about  Z'ltO NM)   it can be s ated that due to turbule   .   -ariationa v i d 

there should be area« of the dimensions of  50  to   71    '.M where ti    m  an wind 

speed would vrii     ovei  a range  srom   17.     to   IQ knots a« averaged >• the 

nine or ten iioui s previou« .o the time that tiie wii i a died down at   .i 

ATLANTIS station. 

Then,   given a decrease in wind speed,   each o      :e area» wo.-.la   .<:./;  -o 

be treated according to   he me ..'.ods of Pierson,   Neumann and Jam. s [\ r 5] 

as it it were a Filter IV case and the  spectrum at tin- point  where .ne   o     or- 

vatiuns were made reconstru   nrt. 
1 10 



A frequency of 2«(Iü)/V6 would still br present «I    . 

\ation if it had been produced by a   19 knot wind   1^  .".M    ,<v .   «i   »; th 

point of observation   6 hours prior to the time of observaU«    .      W< n   t.. 

fetch a little shorter,   this would result in the low frequen< y c ;..J . and 

the sharp steep forward fact of the observed spectrum. 

The spectrum which was observed couid easily have result, d from a 

combination of these effects,   although the sparsity of oce^inographic o   ser- 

vations makes it difficult to demonstrate the exact disposition of i.he j,- icrat- 

ing area which would lead to the observed spectrum. 

The figures given in Part   5 which describe the wind field w« n   the 

operational maps for the project.     Additional ship reports for the area 

were obtained by checking back through the data,  and weather map;,    howing 

these reports are plotted in figures 10.3a  through   10.3h.    The wi no as  . e 

ported in knots is inserted in the feather of the arrow showing the \vi..d 

direction. 

From a study of the winds upwind of the ATLANTIS,  it is pos ill le to 

conclude that the above argument is quite plausible and that therefo i e var 

ations in wind speed from place to place explain the variation in die oL- 

served spectrum. 

Comparison with the C. C. S.   curves 

If the sum of the AE values for   \i= 2^/96 to  Zv  60/96 is computed, 

an estimate of the point on the co-cumulative spectrum curve for 

\k = ZTT{k --2)/96  is obtained.    The estimate« of the spectral curve caji be 
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tr»*trd «a il every other one was tuäepnMmnt,  end «tnie they «re dtft/iouted 

according to Chi Square with  f degrees oi freedom,   the poi:.t on the  CCS 

curve if approximately distributed according to Chi  Square witk 

(10.2) Nk = i 

60 
n. 

60 2 
Z   AX 

n=k n 

/ 

degrees of freedom  (see Pierson [1954]).    Then the confidence bands accord- 

ing to Tukey for large  N are approximately given by multiplying the point on 

the CCS curve by 

10 and        10 

The observed CCS curve is shown in figure   10,4  as plotted on the theo- 

retical family of curves given by Pierson,  Neumann and James  [1955].    The 

agreement for some CCS curve slightly in excess of  18 knots is quite strik- 

ing although the agreement is not perfect. 

The CCS curve is too high at the frequency side of the scale.    This 

may in part be due to the summation of white noise errors at high frequencies. 

Also if the pole surges back and forth in the long period waves,   it may en- 

counter shorter period chop while movim. hack in a trough in such a way 

as to falsely assign their height contribution to a higher frequency. 
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The spectral data oa which rh<   a  o • .igurer are ba»ed is given in 

Table 10.1.    The irequency is determined o\ the foi mala  KI =  2Trk/96,   and  the 

the entries are given in terms of k.    The first column gives the period (96/k) 

which corresponds to the appropriate frequency.    The next three columns 

give the three spectra actually obtained in terms of the contribution to the 

2 
total variance in  (it)     of the record made by frequencies within the band. 

(The values should be doubled   to get AE values.)     The fifth column is the 

average of tht   hree observed spectra.    The sixth column gives the function 

$(n)    as derived in Part  8,  and the seventh gives the function (designated by 

H(n) by which the observed spectrum must be multiplied to obtain the corrected 

spectrum. 

2 
The next column gives the AE  values in  (ft)     which are the estimates 

of the area under the spectrum from ^ - 2TT(k - -)/96 to JJL = 2iT(k + —)/96. 

The column fourth from the right gives the sum of the   AE   values in -he 

previous column from the given value of k  to  60  and this estimates the point 

on the  CCS curve given by   IJ. = 2TT(k - ^)/9t'.    The column third from the right 

gives the value of   2N,    (eqn.   10.2)   foj' that point on the   CCS  curve just ob- 
k 

tained.    The last two columns give the upper  95 percent and the lower   6 

percent confidence bounds on the  AE  values. 

The original series of points from which the spectra were computed 

are not reproduced in this report.    They car. be made available on   -equestto 

the Department of Meteorology and Oceanography at N. Y. U. 

[For references   see Part   11.1 1 J 146 
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P-r»  II 

THE STER£ObPAJRS.   AND fHil i\ : tK PRETAX ION AND ANALYSIS 

OF THE DIRECTIONAL SPECTRUM !N TERMS OF WAVE THEORY 

Introdut t:on 

Of the one hundred stereo.pa.rs of photographs taken by the two aircraft, 

three were selected by the Photogrammetry Division for spot height readings on 

the basis of picture quality and lack of cloud shadow areas.    After leveling,  Data 

Set   1   was found to have a serious barrel distortion so it had to be abandoned. 

The original numerical analysis of the two remaining sets and the numerical 

analysis of the reduced data were described in Part 9.    In this part,  the diffi« 

culties which were encountered in analyzing the original results,  the way the 

decision was reached to use a smaller area of points,  and the results of the 

analysis of the modified data will be described. 

The stereo pairs 

The two sets of stereo pairs chosen for analysis are shown in figures 

11.1(A),  11.1(B), 11.2(A), and 11.2(B) where the lead plane picture is the first one 

of the pair.    In order to be sure that the photographs chosen were not chosen, 

say,  for high waves in the vicinity of the ATLANTIS . 10 photographs as taken 

from one of the planes were picked at random from the   100 photographs 

available and the wave patterns in the vicinity of the  ATLANTIS were com- 

pared qualitatively with each other and the two photographs chosen for analy* 

sis.    There was no apparen«: difference ir wave heights or wave patterns, so 

that it seemed safe to assume that the two pairs chosen for numerical analy- 

sis were representative within usual sampling variation of the sea  state. 
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FIG. Il l 
STEREO PHOTOGRAPH FOR DATA SET fsj0 2 

( LEAD PLANE ) 
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FIG. II.I 
EREO PHOTOGRAPH FOR DATA SET N0 2 

(FOLLOWING PLANE ) 
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FIG. 112 
STEREO PHOTOGRAPH FOR DATA SET No 3 

(LEAD PLANE.) 
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FIG. 11.2 
STEREO PHOTOGRAPH FOR DATA SET No 3 

( F O L L O W I N G PLANE) 
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It »noul i be noted that the exact pattern uf the «a\ea choun In tt^ure«  11.1 

and   11.J   will ne\fr occur again and n«'wr otcarrt-d prf\iou» to th.- time >)! th«- 

photographs.     Howt-ver,   patterns with th«- sanu   statistical prvipi-rtit-s .^hDiild 

occur every time the gross meteorological conditions are th»- same. 

The leveled data 

The spot height data after leveling according to the procedure described 

previously was plotted on a grid 90 points high by 60 points wide.     The values as 

given in   mm   (x 10) were then contoured.     The contouring was done by interpo- 

lating to the contour value along the lines joining the points where the data were 

plotted and connecting the interpolated points by straight line segments.     Figure 

11.3   illustrates the procedure employed.     The contours can be roughly inter- 

preted in feet.     To convert to feet exactly the values shown should be divided by 

1 .016. 

The contouring procedure illustrates the effect of the  spot height readings. 

Any irregularities in the sea surface of  shorter wave length than   00   feet are 

essentially undetectable.     The exact position of the height contours cannot be 

determined,   but if they could,   they would wiggle all around about the straight 

line segments shown,   break off into little < losed contour  patterns,   and show 

a fine structure all lb" way down to the capillary level. 

The contours for Data Set   2   are shown in figure   11.4.     The contours for 

Data Set   3  are shown in figure  11.5. 

The spot height readings are inaccurate by the very nature of the stereo 

process just as any system of obtaining data has inaccuracies in it.     The con- 

toured values and the values tabulated in the tables given before should be 
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considered to be of the form 

(11•1, '»jk = IjMtrue) +<jk 

where        TJJ^   is the tabulated value;   TjWtrue)   i8 the true value and « j^  is 

a random error picked according to some probability scheme to be discussed in 

detail later. 

The values of e jj^  will turn out to be appreciable,   and they have the effect 

of making the pattern shown fuzzy in detail.    Due to the size of € ., ,   statistical 

evaluations of the patterns shown should be interpreted with considerable caution. 

There are other errors of a more serious nature in the data as shown in 

figures 11.4  and   11.5.    These errors will be analyzed in the following para- 

graphs of tins part of the report. 

The covariance surfaces 

The covariances were computed according to the equations given in Part 8 

and plotted on a square grid of points 41 points on a side.    The covariance sur- 

face for Data Set   2  is thown in figure   11.6f  the surface for Data Set   3  is shown 

in figure   11.7,  and the average of 'he two is shown in figure  11.8.    The units of 

the contours are   (mm)    x 100.    Shaded areas are negative.    The figures show 

an estimate of the correlation (when each value is divided by the value at the 

center)  of the sea surface with itself over distances of the order of 600 feet 

in any direction.    Roughly the correlation is less than ±0.10   in any direction at 

a distance of  600 feet.    Again the effects of errors in the data have distorted 

the pattern.    The covariances would have the dimensions of  (ft)   ,   if each 

number shown were divided by  (1.016)^ 
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rh# «p^ctral emtunMtm» 

The spectral eatimatv«   U(r, •)  are shown in figures   11.9,   11.10,  and 

11.11.    Figure  11.11   is the average of figures   11.9 and   11.10.    The values 

plotted at the grid intersections should be divided by   1000  to put them in units 

of (ft)   .    The contours are correctly labeled in units of  (ft)   •    As described in 

Part 8,  the spectra have the property that the same value is obtained at U(*r,*s) 

as was obtained at U(r<s).    If these figures are cut in half by a line through the 

origin,  the sum of the U(r,s) values on one side of the line will e.]ual the vari- 

ance of the spot height data. 

The contours do not give a true representation of the shape of the spectrum. 

As drawn,  they represent an estimate of the volume under the true spectrum 

when integrated over a square of the size shown in the figure and centered at the 

contour position.    Thus steep slopes in the spectral surface tend to be smoothed 

out. 

These spectra due to the errors hinted at above also have errors in them. 

The region of analysis should be exactly square.    The area shown is rectangular 

and in actuality the area analyzed should be as high as it is wide.    Seven rows 

of numbers have been omitted from the top and bottom of the figures.    At the 

top of the figure above the dash dot line and at tike bottom of the figure below 

the dash dot line the omitted numbers were all slightly negative.    Near the 

bottom and top edges they were of the order of «»OOZ (ft)  .    Moreover, near the 

left and right edges along the   r  axis of the figures there are considerable areas 

of negative values with some values of -0.024 (ft)  • 
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Aithough it is not impossible to obtain a negative value in a power spec- 

trum computed according to the techniques described,   it is highly improbable 

that such consistent patterns of negative numbers  should occur.    Given that 

the computations are correct,   one possible explanation of what occurred is that 

the original data have been distorted by some unknown and undetected source of 

error to such an extent that they no longer represent a sample from a stationary 

Gaussian process in two variables.     (Another very disturbing possible conclusion 

is that the ocean waves cannot be satisfactorily approximated by a stationary 

Gaussian process in three variables. ) 

Moreover since the sum of all the values of   U(r, s) must add up to the vari- 

ance of the original data (in these figures),   the negative values have the effect of 

adding erroneous positive values to the already positive estimates in the other 

parts of the figure. 

A study of the figures ana the data shows that the gross features of the analy- 

sis appear to be correct but that there seems to be a background distortion in the 

pattern which is difficult to define precisely. 

Analysis of original results 

Various tests of the results were made at this point,   and it soon became 

evident that there were serious discrepancies between the wave pole frequency 

spectrum and the average of the two directional spectra.    The average of the 

sums of the values shown in the directional spectra (which in turn equals 

[Q(00)2 + Q(00)3l/[2(1.016)2]) should give a number which when corrected for 

possible sources of error should be nearly the same as one half the   £ value 
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for the wave pole spectrum. 

There were two possible sources of error considered in the stereo data. 

Even after their removal,   there was still a considerable discrepancy. 

The first possible source of error was what is called white noise reading 

error by Tukey [1949]    for the one dimensional case.    It can be easily 

generalized to the two dimensional case.    Let 

<11-2) ^jk = ^jMtrue) + €j* + ^k* + ^ 

where  r\.^ i« the actual reading,   IjWtrue)   ^s t^e rea<^n8 t^iat would he obtained 

from the stereo data with the stereo plarugraph if there were absolutely no 

sources of photographic,  machine or human error,   and c.*,   f^* and «;*    are 

random errors. 

More precisely,  let < * be numbers picked at random from a normal popu- 

lation with zero mean with an unknown variance and added to every value of a 

column of ,lii((true\ !  let »k    be similar number with perhaps a different variance 

added to every row, and let   <;^   be numbers picked at random from still a 

third different normal population with a zero mean and a different variance and 

added to the appropriate value of l^trm.) + *«*   + <if •    The e^^o^■ Ju,t de~ 

scribed will be referred to as column noise,  row noise, and white noise,  re- 

spectively. 

For a more recent and more readily available reference,   see Press and 

Tukey 11957). 
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* 2 
S ^'k ^     if q = 0  for any  p and is zero if q ^ 0 ; 

Soo = E-(*X. )     if p = 0  and  q = 0  and is zero if p ^ C  and  q ^ 0 . 

The effect of the random errors on  Q^^   can then be drtermtned under 
pq 

the assumption tha. the different types of errors are small and ■ndependent. 

<11-3) Qpq = Sqltrue) + Soq 
+ Spo ♦ S00 

where  S      ■ E(«i )£-  if p = 0  for any   q and is zero if p ^ 0 ; 

5po 

The effect of a random error along a column of the data is thus to cause a 

constant error to be added to every value on the vertical axis of the coordinate 

system of the covariance surface;  an error along a row adds a constant error 

to each value on the horizontal axis;  and a random error over the whole plane 

is concentrated as a spike at the origin. 

The values of  L(r, s)  can then be found from the values of U(pq) 

(11.4) L(r. s) = L(r, ^(t/ue) ♦ ^OB ♦ Wro 4 Wr8 

where  Wog = -fa E(«.*)       if r = 0  for any   s  and zero  if  r ^ 0 ; 

1 * 2 

Wro = -rg-  £(«7)      if  s = 0  for any  r  and zero if  s ^ 0 ; 

and        W     ■ —*— E(c.. )2 ,  for every value of r  and   s . 
rs      800     xjk'    ' ' 

Thus,   random errors along columns in the original data show up as a 

constant error along the horizontal coordinate axis in the Mr, •)  plane; er- 

rors along rows show up as a constant error along the vertical axis,  and ran- 

dom errors show up as a constant error at each point in the spectral plane. 

Of course,   since the data are really a finite sample,  there will be fluctu- 

ations from point to point in the  Mr, s) plane. 
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Finally the computation of U(r, •)  «mooths the value« of W      and Wro 

into three rows or columns and assigns weights of 0.54 to the values given 

along to the axes and 0.23 to the row or column on either side of the axis. 

Random fluctuations in W     are smoothed out so that U(r, s) is more nearly 

a constant at every point and equal to 1/800 of the white noise variance. 

The other source of error lies in the possibility of background   curvature 

of the plane of the stereo data.   It will be recalled that one set of data was so 

severely distorted by background curvature that it had to be abandoned.   Al- 

though no curvature is detectable in figures 11.4 and 11.5, a very slight 

amount of curvature would produce high values for the spectral estimates near 

the origin. 

The effect of pure white noise can be estimated from the information 

given in Part 7.    The accuracy of the spot height readings is considered to be 

±0.5 feet.    Under the assumption that the errors are normally distributed this 

can be interpreted to mean that 

(11.5) P(-0.5 < HT - H0 < 0.5) = 0.5 

which can be read that the probability is one half that the difference between the 

true height and the observed height lies between-0.5 and 4*0.5 feet. 

This implies that 

(ju.t) 

and that 

0.5 

0 

U.3 

r=^-     f   e-x2/2'2 dx * 0.25 
/2«r    f 

(11.7) r2 s 0.54 (approximately) 
168 

• 



Thus the total varumc« of the white noise reading error is approximately 

0.54 (ft)2, and the quantity 0.54/800 (ft)2 should be subtracted from each of 

the tabulated values of U(r, s) to correct for this effect. 

Moreover the spectrum for data Set  3 at the origin definitely shows the 

effects of curvature.    The average spectrum also shows an effect of curvature 

in the peak at the origin of the spectrum and in the distortion of the contours 

near the origin.    The magnitude of the effect can be estimated from the spectrum 

There is a hint of column noise in both of the covariance surfaces and in 

the average covariance surface.    There is a fairly strong ridge along the verti- 

cal axis of all three figures.    However, these ridges do not produce the pre- 

dicted effect of a ridge along the horizontal axis of the spectra.    Thus if the 

column noise is present it is masked by some other more serious source of 

error. 

White noise and curvature error both add positive quantities to the spec- 

trum when they occur.    Corrections to the total variance of the original data 

can be calculated from the above information and the results are tabulated in 

Table 11.1. 

As seen from Table  11.1 the corrected variance of the combined data is 

B.SOUt2.    From the study of the wave pole spectrum, assuming correct cali- 

bration, confidence bounds on the E value were set and it can therefore be cal- 

culated (by taking half the value) that the range from 2.23 (ft)2 to 2.64 (ft)2 

would enclose the true value of the variance of the wave pole data nine times 

out of ten.    The true variances of the wave pole data and the stereo data should 
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be equal,  and yet the estimate« obtained from the »ample* are not.    The vari- 

ance of the stereo data is   1.54 times the estimated variance of the wave pole 

data and   1.48 times the upper confidence bound    of the estimated variance of 

the wave pole data. 

This result is not necessarily highly improbable.    If the number of effective 

degrees of freedom of the   10,800 points in the stereo data is very low due to 

their correlation with each other,  the result would be possible.    Thus it is neces- 

sary to obtain an estimate of the degrees of freedom of the estimated variances 

of the stereo data. 

This can be done by applying a formula similar to the one used on the wave 

pole spectrum in Part 10 except that now every fourth point is truly independent 

and there are   16 degrees of freedc i   oer point for each of the original spectra 

and  32 degrees of freedom per point for the average spectrum. 

The total variance was found to have at least 800 degrees of freedom by 

means of a computation using the average spectrum and grouping data so as al- 

ways to decrease the computed degrees of freedom.    The variances of the indi- 

vidual data sets as a consequence havt about 400 degrees of freedom.    Additional 

entries in Table   11.1 give the upper 95 percent and lower 5 percent confidence 

bounds on the estimates of the variance based on the above degrees of freedom. 

The lower 5 percent confidence bounds for the stereo data are greater 

than the upper 95 percent confidence bounds for the wave pole data.    The hypo- 

thesis that the wave pole data and the stereo data are samples (free from any 

sources of additional error) from the population with the same variance must 
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therefore be rejected at least at thr   b percent •ignificance I   .tl,  and of 

course the probability that either    ari^nce w^uld be obtained,  §iv«a that the 

other ia correct,  it much less than 0.05. 

An application of the  F test to th<   ratio of the two variances,   that is, 

1.54,   with   1000 degrees of freedom for the wave pole data and   500 degrees of 

freedom for the stereo data,  yields a rejection of the hypothesis that the vari- 

ances are from the same population at the   1   percent significance level. 

The directional spectra given in figures   11.9,   11.10,   and 11.11 therefore 

do not have gross properties which agree with independently determined data 

from the wave pole.    If the wave pole data are assumed to be correct since in 

the original planning the wave pole data were thought of as a primary source of 

calibration,  it must then be concluded that the directional spectra are in error. 

Moreover,   the directional spectra have negative values which is a definite 

indication of something wrong. 

Of course,  there would be cne way to force the two spectra to agree.   It 

would be to assume that the estimate of the white noise error was too low ap- 

proximately by a factor of 4.    It would then be nee essary to subtract about 

0.0025 (ft)    from each spectra  estimate.   The effect would be to increase the 

size of the negative areas.  Such a solution would only serve to increase the 

error in the result due to the negative areas of the spectrum. 

Various attempts were made to correct the results by making changes in 

the covanance surface and calculating their effect on the spectrum and making 

changes in the spectrum and calculating their effect on the covariance surface. 
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Par «auunpl«, qu««l c«Uun» «•!•« who«« e£f«cl vwü4 4l0App«Ar «t plM «r 

miaua fn lags U tk« wrfkAl 41r«cti*n on tka coMurUac« ••r£ac« COMM pro4uc« 

th» ««fative arM« im UM 9»ctra found oa the korixoatal aadt« 

Howaver tk« itliiPfta ware in general unaattaiackory aa Ike dtffereaitypea 

of correctieaa propagated very oddly from oae ayatem to another«   Mo notable 

aucceaa was achieved by Hie a e attempts. 

Detailed analysis of leveled spot height data 
^M^p^riSBi^Sii—^—<—i—wJii m '*! M— —«— ■iaww<BMaBMwaewi^WM>t*MMWwftMi>^ewoweMao»aw 

The analysis o£ tke dffla had reached an impasse.   After a number of con» 

feren. «a with Leo Tick «ad Prof« Max Woodburyt Prof. Woodbury saggeated that 

the original data be afcatted la aee if they could be corrected.   Suck a preceaure 

would involve re^omputalloa of the results, but tke use of the Logistics computer 

at George Waahiajtoa University waa assur ed, had tke problem was deeaoed ao 

important tkat tka added effort to obtain a satiafadory solution akoidd be made. 

Tke ridge along Ike vertical axea of tke comriaace surfaces aaggealed 

some source of error ia tke vertical direction of tke atereo data«    Figurea 

11,4 and 11.5 and tke leveled spot height values as tabulated were tfsea aludied 

very carefully to aoo if aatg discrepancies could be found« 

In Üg.  IM, it had baea noted that tke diagonally oriented wave crea»> 

wave trough pattera a» tM laft aide and in tke center of tke figure dpafod to a 

vertical orieatatioa aa Ike rigkt kaad edge a£ Ifca pattern.   Very alroag verti» 

cally orioatod craata are acfacially pronounced ia tka lower ri^ii corner. This 

variation had baea tkwtgkt la be a possible parlo^Hy natural variaMea la Hie daU, 

but aaw tkia aaaumptla» «aa «kecked« 
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Thm i«a columaa ot oumb«r« on ih« far nghi ol the figure «nd tu« twenty 

rows of number« on the bottom oi the /iftare were tct «port from the main part 

of the figure, because of this tendency toward a vertical distortion, and divi- 

ded into three group« with the rest of the data compri«ing a fourth group. 

The breakdown wa« a« follow«: 

89,0, 89.1   89,49 89.50 89.59 

AREA A i AREA B 
3500 point« 700 points 

21,0 
20,0, 20,1   20,49 20,50  .   .   . e 20,59 

  

19.0  .... 19,49 19,50  .   .   . • 19,59 

AREAO AREA C 
1000 points 200 points 

2,0 
1.0 
0,0, 0,1. 0,2   0,49 0,50, 0,51 •   •   •   • 0,59 

• 

The variances of the «ub-area« were computed, and probability histo- 

grams were drawn.   The variances of areas B, C and O were all greater 

than the variance of A, and since it was known that the total variance of Data 

Set  2 had about 400 degrees of freedom, these 400 degrees of freedom were 

apportioned in the ratio of the total number of points in each area.    It was then 

possible to Apply the F test to the ratios of the variances.    Table  11.2 shows the 

results which were obtained. 
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l'/ir varlaac« of ar«a A was 0.fO((injn)^ * lOOj !«•• than dl« variance 

of th« total area.    The variance of area C was over twice as large as that of 

area A.   The degree« of freedom actually used in the F test were less than 

the computed degrees of freedom, and yet at the 5 percent significance level 

the hypothesis that the sample of points from area C is from the same popula- 

tion as the sample of points from area A must be rejected. 

The grid of points for the numerical analysis must be rectangular.  Areas 

B and C, D    and C,  and B,  C,  and O were combined, and their combined 

variances were tested against area A.    In all combinations,  the areas could 

bo rejected at the  5 percent level.    Moreover the lower confidence bounds on 

the variances of area C,   areas B-fC,   C+O, and B -f C -f O were all greater 

than the upper confidence bound on area A. 

Figure 11.12 shows a comparison of the probability histograms (number 

of points in class interval divided by total number of points) from areas  B, 

C, and O,  with the probability histogram from area A.    Area C is quite a 

bit different from area A.    Note also that the histogram for area A appears 

to be normal. 

The spot heights for Data Set  3 were analyzed in a similar way.    A 

study of the contours suggested that a tendency toward vertical instead of 

diagonal crest orientation existed on both edges of the area of analysis and 

the points in Data Set 3 were broken up into five areas as indicated 

below. 
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89.5...   89,9» <»9,J0    .   .    ii.ii     89. M).   .«j«>.t4     IfTsS... tf.M 89.0 

AREA 
A 

4 50 
points 

0,0,  0,1, . . 0.4   I 0,5, 0,9 

AREA 
B 

points 

1 

APE A 
C 

5600 
poiii  s 

t 

AREA 
D 

■1 30 

pui.its 

I 

0,10 .. ..     0, .9       0  50...       0,54 

E 
4 50 

points 

0,55. .0, 59 

The results of the analysis are shown in Table  11.3.     Area   C  in this set 

of data had the smallest variance  (a reduction of about  0.24[(mm)     (xlOO)]) 

over the various points.    However there is no significant discrepancy with any 

combination of areas at the   5 percent level. 

The above results show something definitely wrong with Data Set   2  and 

suggest something wrong in Data Set   3,   especially since some spectral esti- 

mates are negative in Set   3.    It was therefore decided to do the computations 

over again on a reduced portion of the date.    The computations were performed 

on area A (with   3500 points) in Data Set   -.   and on area C (with 3b00 points) 

in Data S-.-t   3.    Some badly needed degrees of freedom were sacrificed by this 

procedure,   but the results were quite encouraging.    For example,   the covari- 

ances actually became negative on the vertical axis of the covanance surface 

of Data Set   2,  and there were no negativt values in the smoothed spectral 

estimates for either data set.    A discussion of   the corrected computations 

will follow. 
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Before the analyaia of the corrected result« is made,  « discas«icn of 

what went wrong with the original results is needed.    The baaic source of the 

difficulty can be traced back to a statement made in Part 6.     The photographs 

were taken with reconnaissance type film instead of the more dimensionaliy 

stable topographic base film.    The film magazines used in the cameras were 

labeled to contain the correct film but they had actually been loaded with the 

wrong film.    Such a mistake would not be detectable until after the film had 

been developed.    This dimensionaliy unstable film then underwent differential 

changes in areas   (that is,   small areas of the film shrank by greater amounts 

than other «)  which introduced a complicated error pattern in the spot height 

data.    Fortunately most of the error  (but possibly not all) appears to have 

been concentrated on the edges of the areas analyzed. 

The question might be asked as to why the errors in the original leveled 

spot heights were not detected prioi to making the laborious computations of 

the covariances and spectra given above.    A close comparison of figures  11. I 

and  11.3 suggests,   since hindsight is always better than foresight,  that the 

error in the spot heights might have been detectable simply on a comparison 

basis.    To be really sure,  however,   computations similar to the ones given 

above would have had to have been made,  and they could not have been made 

without a knowledge of the effective number of degrees of freedom of the sub- 

samples.    This effective number of degrees of freedom was estimated from 

the incorrect spectra.    The use of theories valid f^r correct data on incor- 

rect data to show that the data are incorrect  is  quite  similar to pulling 
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oneself up by one'« own booUtr^ps (with pcriuipe thr bootstrap« being broken 

in this ctse).     Thu« all of Uie abo\e iinaiyaea and commenta serve only to »uy- 

geat the nature and source of th«- t »ror and a possible way to remove it.   What 

was done did remove the error,   so m this sense the analysis of the error was 

correct. 

All of the numerical  results obtained in the original analyses of the full 

sets of stereo spot heights were kept  in the tables along with the preceding 

figures in order that this report wo   'd be complete.    They represent a wealth 

of data which can be used for additional analysis and study.    This reuort is 

uniqu«.   ^n that it is a study of a random process in a plane,   and the complete 

set of original data and computations should be of value to geophysicists, 

statisticians and physicists. 

Re-analysis of reduced areas 

As stated above both spectral computations were carried out over again 

for reduced sets of spot height data      For Data Set   2 the area was area  A 

as defined before as bounded on the four corners by the points 20,0;   20,49;   B9, 0; 

and  89,49.    In what follows these   3500 numbers will be called Data Set 2A. 

Similarly for Data Set  3,  area C 'Lonsisung of 3600 points) bounded by  0, 10; 

0,49;   89, 10;  and  89,49  will be called Data Set  3C. 

The covanance surfaces for the reduced data 

The covariance surfaces for Data Sets 2A and   3C  and the average of 

the values for the two data sets are shown in figures 11.13,   11.14,   and 11.15. 

The patterns are better defined than they were for the surfaces given previously 
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in figures   11.6.   11.7,  and 11.8.    The nrgau\e arras are better defined.   The 

ridge along the vertical axis is weakened although there is still a trace of 

column noise.    For Data Set 2A,  the covanance surface actually becomes 

slightly negative on the vertical axis.    The covariance surfaces still need 

some minor corrections,   but they will not be too difficult to make. 

The spectra for the reduced data sets 

The spectra for Data Sets 2A and  3C (in terms of variance) and the sum 

of the values for the two (in terms of E value)  are shown in figures   11.16, 

11.17,  and 11.18.    There are no negative valuesl    The numbers at the grid 

intersections should be divided by   104  to put them in units of  (ft)   .   The con- 

tours are labeled in units of  (ft)   ,  and as mentioned before they should be 

interpreted as the integral over the spectrum on a square of the same size as 

the grid of the plotted numbers. 

These spectra definitely show the effects of column noise.     There is a 

strong ridge along the horizontal axis of the spectral coordinate system.   The 

spectrum for Data Set 3C shows a decrease in the effect of curvature in 

producing high values at the origin. 

In general the above two spectra appear consistent with each other.    The 

0.0100  and 0.0050   contours are in roughly the Fame positions on the two 

spectra.    The peak in the  spectrum for  Data  Se*.  ZA has  a value of 

0.2052 (ft)^ whereas the corresponding value m the spectrum for Data Set 

3C is  0.0797.    The ratio of 0.2052 to 0.0797  is equal to  2.57. 

For Data Set  2A,  the number of degrees of freedom is given by equation 

(11.8). 
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(11.4 
l = 1  58 MfN 

» 1.58(6) = 9.48 

For Data Set 3C,   the number of degrees of freedom la given by equation 

(U.9) 

(U.9) F = 1.58 

= 948 

[l8-i]p-i] 

Thus each individual spectral estimate is distributed according to a Chi« 

square distribution with slightly more than 9 degrees of freedom.    A ratio 

as large as 2.57 for two  -ar.antes so distributed is quite possible since at 

the 5 percent level ol significance the ratio can bo 3.18.  and therefore these 

values are rot unusual.    They simply represent sampling variation. 

The pian for the analysia of the results 

The a.erage of the two cuvanance surfaces as shown in figure 11.15 is 

the tx si ava*iable estimate of the covanance surface.    The sum of th«* two 

independently determined spertra as shown in figure 1118 is the best avail- 

able estimate of the energy spectrum.    This energy spectrum has only 19 

degrees of freedom per spectral   estimate.   Also it obviously has some dis- 

tortions in it caused by column noise (mainly) and curvature.    It also has a 

white noise background due to thf original spot height reading errors.    The 

piar. ol the analysis of the d^ta as represented by figures 11.15 and 11.18 is to: 

1    Remove the column roise from the directional spectrum. 

Z    Scm around cucles of constant frequency in order to compare the 
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r««uit« oi the wav« |M>JC spectrum witii the aiercu »pectram «ad %ertfy the 

esumate oi the amount of the white noise error. 

3«  Study the angular variation for band« of constant frequency. 

4.   Compute the confidence bounds for the bands of constant frequency 

and compare the frequency spectrum obtained from the directional spectrum 

with the wave pole spectrum and various theoretical spectra. 

5. Remove the white noise from the directional spectrum and analyze 

the spectrum both in an   uusmoothed and smoothed form. 

6. Fit the angular variation for bands of constant frequency by means 

of a Fourier series approximation and determine a smoothed analytic form 

for the spectrum. 

7. Correct the covariance surface for the effects of column noise and 

white noise. 

Column noite correction 

The ridge along the horizontal axis of figure  11.18 is rather well 

defined especially for  U(17,0),  U(18, 0)and  U(19, 0).   A vertical line, say, 

along the values  U(17( 3)( U(17( 2),  U(17t 1).  11(17,0),  17(17,-1),  17(17,-2), 

and U(17,-3)  shows that there is a definite ridge produced by the values of 

U(17,1),  U(17, 0), and U(17,-l).    The ridge is quite possibly due to column 

noise as given by the random errors, cfc , and it has shown up in the final 

spectrum as the filtered effect of the contribution of Wro to L(r, s) in 

equation (11.4).    By inspection, if 0.0100 (ft)2 is subtracted from each value 

of  U(r,o) the central part of the ridge will disappear and become approxi- 

mately equal to the value of U two rows above and below the horizontal axis. 
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This imp.ie» that 

(11.10) 0.54 Wro m 0.0100 

and that Wro- 0.0185. 

When  Wro is multiplied by 0.23 the result is  0.0043,    This quantity 

must be subtracted from each value of  U(r, 1) and   U(r,-1)  as  r varies 

from zero to 20  (before bordering). 

A total of 0.0186 (ft)2 times  20 is subtracted from vae total  E value 

of the stereo data when this correction is made.    The total reduction of £ 

value is  0.372 (ft)2. 

The reanalyzed spectrum for this correction is    not shown in any 

figure.    It was used however,  in subsequent analyses,  and the correction 

will be incorporated in subsequent plots. 

This correction as made to the spectrum also implies that a correction 

must be applied to the covariance surface.    The correction is to subtract 

0.186 from Q(0, q)  as q varies from +20 to «20,    This correction ra« 

moves the effect of column noise from the covariance surface. 

Comparison with the wave pole spectrum 

The problem of transforming a spectrum of the form [A.{fit p)]    into 

the form [A(H>0)]    in order to integrate out  6 so that the directional spec» 

trum can be compared with the wave pole spectrum is difficult.    The c's 

and  P's  are proportional in the square of the wave frequency*    One sys« 

tern is in Cartesia.1 coordinates and the other is in polar coordinates*   The 
■ 

spectral estimates in both systems have considerable sampling variation. 
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Also values near ihr origin in the d*pre* u-tl •prctr^m iorrcBpuvi to a 

wide range of frequencies in tKr pul.ir . oorrt^.a'c 8\»t«'m 

One method of solution would be to /:l the obser' t-d dire«. tiot..il  spec 

trum by sonne analytic function,   and th^M carry out  formal transformations 

of coordinates and intepr.itions on tirie filled fun« üor.      It was decided that 

iMs was too difficult so a less precise procedure was used 

The procedure was simply to aHsurm       at the estimatt'd surface of the 

directional spectrum was flat over a tquar<   of the <irea of the spectial esti 

mate so that a portion of the directional spectrum would be someihing like 

figure 11.19.     This p^ocedure will tend 'o round off peaks and smooth oul 

rapid variations. 

The wave pole spectrum was determined m Part  10, a;-d the SE  values 

for frequencies between   lv{k     j)/9o  and   ^ITI\ + -iw^n   weic   ound      A Ire 

quency of  2n(k - ^)/9 >     orresponds to a period of  9fW(k     ■»!  ;..id this in 

terms of wavelength corresponds to a wave   5 1^1^ j/(k     7))     (e*t long.    Con- 

sequently the circle with a radius   R*  given by equation (11  11) defines one 

boundary of that area in the   U(r. b) plane which corresponds to one of the 

frequency bounds for a AE value of the wave    pole spectrum. 

itb)2 {b.li) 

The other boundary for a particular k  is given by   Ul  12) 

Zttlk ■»■A)2 

«H  12) ^ H IT 

i9b)2(5 12) 

In the above,   coordinates of the directional   spectrum ha^'e been 
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AS• lgned the values 

ü'      1200 '    1200 '    1200 '    eU' 

on both the horizontal and vertical axes  (1200 ■ 30 x 2 x 20). 

A simpler system of notation will be used by assigning the values  0, 

1, .«..,  etc.   to the spectral coordinates just as the values of k were used 

in studying the wave pole spectrum. 

Then R is given by R* times   1200/2«, and it becomes 

1200(k-4)2 

(11.13) R = 
(96)t(5.12) 

s  0.025429(k - -J)2 » C(k - "|)2. 

The values of R for k - 4 and k + -i determine two concentric circles. 

The total contribution to the value of E of all estimates within these two 

circles should correspond to the value determined from the wave pole 
it 

spectrum except for residual errors of white noise and curvature. To esti- 

mate this, the value of one half of the area between the inner circle and the 

outer circle is needed. 

The area of the inner circle is 

and the area of the outer circle is 

Tic{k~\)z] 

r[C(k*l/l2. 

1: 

One half of the difference is the area of one half the circular ring as given by 
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(11.J4)     A»^C2l(k* l)4.(k.i)4J 

-2Clk    +    2    +4    +8+16-k    +    2 4    +8-16J 

=   TT   C2[2k3+|] 

= 20.315- 10_4(2k3 +^) 

The values of A are tabulated in Table   11.4 for future reference,    A 

value of k equal to  27  corresponds to the largest circle that can be drawn in 

the plane of the directional spectrum.    The values of A increase slightly 

more rapidly than the cube of the values of k.    Also tabulated in Table  11.4 

are the values of A divided by 36 for future reference. 

A Cartesian coordinate grid was constructed by drawing heavy lines at 

the values of   r and s  corresponding to 0.5,   1.5,   2.5(  ....,   19.5.    This 

divided the plane of the spectrum into 741  squares assigned unit area,   116 

half squares, and 4 quarter squares for a total of 800 full squares. 

The radii given by setting k equal to  1,   2,   3 and 28 in equation 

(11.3)  were then computed and semicircles with these radii were superim- 

posed on the grid. 

The semi-circles divided the squares into pieces.    The number and size 

of the pieces depended on the geometry of the system. 

The areas of the pieces were then computed from geometrical consider- 

ations which depended essentially on differences between areas of sectors of 

circles and triangles.    The square« along the r axis,  the squares %t 45° to 

the r  axis and those in between out to the largest radius were the ones that 

were analyzed because all others could be obtained by reflection in either 
195 
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Table 11.4.    Half the areas of the circular rings 
associated with the different values of k. 

Jk A/36 

1 0.0051 m*m 

z 0.0345 — 

3 0.1127 — 

4 0.2641 — 

5 0.5130 0.0142 
6 0.8837 0.0244 
7 1.4007 0.0389 
8 2.0681 0.0575 
9 2.9711 0.0825 

10 4.0732 0.1131 
11 5.4190 0. 1506 
12 7.0331 6. 1953 
13 8.9396 0.2483 
14 11.1631 0.3100 
15 13.7279 0. 3814 
16 16.6583 0.4628 
17 19.9788 0.5550 
Id 23.7137 0.638t> 
19 27.8874 0.7747 
20 32.5243 0 9033 
21 37. 6488 1.0458 
22 43.2852 1.2024 
23 49.4679 1.3738 
24 56. 1913 1.5609 
25 63. 5098 1. 7642 
26 Tl.4i?7 1.9844 
27 7<».    9V:> 2.2222 

the  r  axis or the 45° line.    The final result wa« that each piece of each 

square as   cut up by the circles was assigned a percentage between zero and 

100.   The calculations depended on the difference between large numbers,  and 

the results on summing around circles did not check with the results of 

Table 11.4.    Small adjustments of the order of one or two percent were made 

to the various areas so that the sum around circles would check with Table 

11.4. 
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The pattern employed« the values of the radii, and the number e finally 

obtained «:re shown in figure 11.20 for a quarter sector of the full area of 

the directional spectrum.   All other points can be obtained by symmetry. 

Note that half the values on the horizontal axis should be used on the vertical 

axis. 

The values of UzAiTi *) + ^^C^' '^  corrected for column noise were then 

entered in the corresponding squares.    To determine  U(k),  the percentages of the 

squares falling between circles with radii corresponding to k • ^L and k + -1 
* 2 

were multiplied by the A£ values for the appropriate squares and all contri- 

butions for that particular semicircular ring were summed. 

The results are shown in Figure 11.21.    The values of AE in (ft)2 obtained 

upon «unnmatioa are plotted as a function of k in the upper carve.   The spec- 

trum obtained from the wave pole data is also shown. 

An aiditionsl correction is needed before the two curves cam bo compared. 

The effect of the white noise variance of 0.54 (ft)2 must be removed.   Since 

this error variance la spread evenly over the entire plane of the directional 

spectrum each square in this analysis has an expected value of 1.0S/t00 (ft)2 

assigned to it in terms of E value.    When the entries in Table ll«4 are 

multiplied by 1.01/100 and subtracted from the values shown on the top curve 

in figure 11.21 the result is the middle curve which shows the frequency • 

spectrum corrected for the white noise estimate given previously.    Tlss effect 

of assuming that the white noise error variance is twice as groat is shown by 

a third curve in the figure. Such a correction would be much too big* 
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The curve to us« frr further «nalyst« then is th< middle curve of the 

three curves for the direcuorutl spectrum.    The sgreement at first sight in 

not too striking since the only points that are close are k s 11,   23,  24,   25,   its, 

and  27.    A further study of these results will be made later. 

Table 11.5 shows the values obtained for different k by summing around 

the semicircular rings and the effect of applying the corrections due to white 

noxäe. 

Table 11.5.    A£ values as a function of k  summed around 
semicircular rings in the directional spectrum. 

4£ A£- white noise AE-2 white noise 

0,1.2.3,4 .0357 .0351 
5 .0338 .0331 
6 .0536 .0524 
7 .0850 .0831 
8 .1412 .1384 
9 .2432 .2392 

10 .3771 .3716 
11 .5898 .5825 
12 .7111 .7016 
13 .7202 .7081 
14 .6345 .6194 
15 .5500 .5315 
16 .4544 .4319 
17 .3823 .3553 
18 .3423 .3103 
19 .3086 .2710 
20 .2621 .2194 
21 .2402 .1894 
22 .2355 .1771 
23 .2100 .1432 
24 .1791 .1032 
25 .1836 .0979 
26 .1760 .0796 
27 .1817 .0737 

.0346 

.0324 

.0512 

.0812 

.1356 

.2352 

.3661 

.5752 

.6921 

.6961 

.6044 

.5129 

.4094 

.3284 

.2783 

.2333 

.1743 

.1385 

.1186 

.0765 

.0274 

.0121 
-.0169 
-.0343 
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In crder to «tudy the angular variation of the apectrum,  the results shown 

in figure  11.20  were employed.    Radii at   5 degree intervals were superimposed 

on the figure by overlays.     The plane of the directional spectrum was thus di- 

vided into small areas bounded by arcs of two circles and two adjacent radii. 

Two adjacent circles bounded   36  such small areas,  and the areas are tabulated 

in Table 11.4.    Since the effect of the circles in breaking the squares up into sub- 

areas had already been computed,  it was not too difficult to compute the effect 

of the radii since each small area had to have a known value.    The percentages 

which resulted were then multiplied by the appropriate U(r, s) values and sum- 

med for each small area.    The number thus obtained is an estimate of the con- 

tribution to the total   E value of the short crested sea for spectral components 

with frequencies between  2ir(k -^)/96 and   2it(k +-^)/96 and with directions be- 
2 * 

tween  0 and   6 + 5°  as  k varies from   11  through  27  and as   0 varies from -90° 

to +85°,    The results of this computation are shown in figure   11.22.    The white 

noise estimate has been removed by subtracting  (A/36)(l/800)(1.08) from each 

value. 

The curves are erratic,  mainly due to sampling variation,  but there is a 

rather definite indication of the presence of a swell for curves corresponding 

to k = 11 through   17.    The swell was removed by estimating the shape that the 

curve would have had,  had the swell not been there. 

This estimate is shown by the dashed lines in figure 11.22.    Tables   11.6 

and  11.7  show the resolution of the data into frequency and direction intervals. 
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L Tabl* II.*.    ■»«■UM— nd 4iTtUoi^l •pactrum inlo lr*<)u*a> « ao4 4ir«ruu iu«r>«J*.   awall,   «411* BO«*« tad aalama aota« raa 

v^k -a         U 1? 13 1« 15 16 17 1« 19 20 21 22 23 2* 25 2* 27 
ln«i> s. 

87.5 .0025 .0035 .00)* -00*7 .00)9 .00)5 .0040 .00)1 .003* .00)9 .0027 .00)2 .00)2 .0029 .0035 .00X9 .0<»5 
»2.5 .0017 .0028 .0025 .00)3 .00)0 .OOJfi .003* .0030 .0022 .00*8 .002? .002« .0026 .0026 .002) .00X5 .00« 
77.5 .0011 .0018 .0016 .0022 .0020 .001 s .0026 .0026 .0020 .0018 .0020 .002) .002) .00)5 .0032 .0006 .00X2 
72.5 .0009 .0011 .0010 .001* .0011 .0012 .0022 .0022 .0020 .0019 .0016 .0015 .0017 .0020 .0007 .0005 .00X3 
67.5 .000* .000i .0005 .0007 .0006 .0008 .0015 .0019 .0018 .001) .0006 .0006 .0007 .0002 .»10 .0009 'Sm 
62.5 .0002 .0001 .0002 .0001 .0002 .0CO8 .0008 .0017 .0016 •2222 .0006 .0006 .0006 .0012 .0022 .0017 .:oi8 
57.5 .0001  0_ 0 0 .000) .OJlO .000* .001* .0010 .0010 .0012 .0017 .001« .001« .0019 .0012 .0011 
52.5 0 .0002 0 .000) .0006 .001* .000« .00? 5 .001* .0012 .0016 .002« .0016 .001* .0027 .0019 .0006 

«7.5 .0001 .0011 .000) .0008 .0012 .0019 .0006 .0C*0 .002* .0019 .0019 .0026 .0022 .009 .00)2 .00X8 .0041 
♦2.5 .0010 .0017 .oooe .001* .0019 .0026 .001) .0039 .0028 .002) .0019 .0025 .002« .0U9 .0092 .00X9 .0022 

37.5 .0019 .0028 .002« .0027 .0027 .00)5 .002* .00)9 .0040 .00)« .002) .0027 .00)1 .0025 .0026 .002« .0029 
i2.5 .0026 .00)8 .0028 .00)7 .00)6 .00*2 .0027 .005; .0050 .00** .00)7 .00)7 .00*1 .00)) .0016 .00X5 .0017 
27.5 .0038 .00*9 .00)8 .0051 .00«5 .0062 .0071 .0066 .006* .0055 .00*6 .0052 .00*5 .00)5 .0028 .00)) .0027 
22.5 .00«» .008) .0058 .0065 .0061 .0097 .0085 .0086 .0076 .0071 .0071 .0065 .00*0 .00)5 .0022 .0C19 .00)) 

17.5 .0059 .0087 .010) .009^ .0091 .0122 .0115 .0102 .0092 .0081 .00«5 .007« .0054 .0056 00)« .002) .00)1 

12.5 .0059 .00»« .0107 .0122 .0155 .0156 .0131 .01)1 .112« .0071 .0076 .0X27 .00*6 .go« .0055 .00«5 .00)5 

7.5 .0236 .0211 .0181 .01)« .0160 .0175 .017S .01«9 .'-156 .0097 .0095 •211? .2129 .0062 .007) .222« .22*1 
».5 .0265 .0290 •0)13 . -2*6 .0257 .025« .0216 .0211 .0198 .01*7 .01)7 .01*0 .0081 .ooy) .007» .0026 .00)6 

- 2.5 .02*5 .02« .0))) .0246 .0260 .0269 .0252 .0211 .0196 4U. .2124 .011) .0096 .0051 .00«« .0O«7 .0060 

- 7.5 .028-» .03«2 .0)»« .0)06 •UiS 4M .02*6 .019«« .015»- .01*2 .0121 .0065 .006* .0075 .00)5 .00«) .0052 

-1J.5 .0*21 .0*25 .an .0)12 .029« .0255 .01«) .01*7 .0126 .009» .0074 .0060 .0067 .00)5 .0022 .0019 .0026 

-l?.5 •0*2* .0«57 .0M4 .0)06 .0262 .019» .0159 .01*1 .0110 .00*0 .0064 .0057 .0042 .00)) .0025 .0025 .0001 

-as.5 .5«21 .2«25 .0)21 .0)00 .027) .0160 .1120 .01)5 aMM .0^5« .00M .0055 .0047 .00)6 .00)8 .00)6 .0015 

-27.5 .0«lj .0«!) .0)17 .0)15 .02)4 .01)6 .0119 .012) .0X16 .010) .0-^4 .005« .0040 .00)6 .OOM .0027 .001» 

-J».5 .0J1» .0*1« .0)5) .0)03 .0224 .0190 .010« .010) .oo«* .0079 .007) .0067 .00** .0017 .00)2 .002) .00X6 

-J7.5 .0)1« .0*15 .0X7 .oyr. .02)2 .01)« .Oil« .00*7 .0064 .>i«7 .005-. .»*• .0044 .00)7 .0029 .0020 .ooxx 
-42.5 .0)0(1 .0351 .0J54 .0)21 .V*i .0167 .0151 .0102 .0060 .00*6 .00)9 .00)5 .00)3 .OCi .0020 .00X7 .00X0 

-•7.« .0)» .0)10 .0)5« .079* .02*0 .01W .0150 .om .007* .00*0 .00)8 .00)2 .00)) .0021 .00X7 .001« .00X1 

-<J.5 .Q3M .0)«! .0))) .0255 .0220 .01)1 .0115 .01J« .0062 .0052 .004) .00)7 .09)2 .002) .oa»2 .00X7 .00X1 

-57.5 .02«? .03«! .0352 .0. V .01*7 .01)» ..1  I .0065 .009* .006» .004> .40)0 .0027 .001» .001« .00X4 .00X5 

4t*1 .MM .:••* .<h)5 .0209 .01*6 .0100 •oo»- .<K>91 .;■ *4 .005» .00)9 .001« .OM» .0016 .00X) .00X5 .00X5 

-47.5 .01)5 .0169 .0222 .016' .C121 .009« .0062 .00«) .00«0 .00*6 .0039 .001» .001« .0019 .0025 .00X2 .OOX« 

.7i.5 .01)5 .0150 aMM .010« .0112 .    ♦ .0079 .'/J71 .0)66 .0062 .00«« .0029 .002« .001 " .00x1 .oox) .»18 

-77.5 .01)5 .01)9 .01)« .0077 .0075 .307« .0070 .006. .004; .0050 .0054 .00*5 .0027 .0021 .OCX» .oox« .00X1 

-62.5 .00M .0091 .00»5 .X7' .007» .006» .00^0 .00 «6 .00)6 .00^7 .0055 .00«4 .0021 .OCX) .00x0 .00:6 .00X0 

-•-.' .0029 .00*0 .00'3 .0060 .0054 .0052 .00«) .00 >4 .0040 .0055 .0 4. .00)2 .00)1 .00»« .OOX) .00X7 .00»« 

T-.fcto 11. T . avail uxnwtiaa m «i»» iiuoa tftr»m.  atiua aaua •■! tmum w aataa raano-a«. 

«7.5 .000« .0005 .0019 -.»!) ..015 -.001« c 

83.5 .o<n? .•yni .0050 -.0067 •.00«1 -.0025 0 

77.5 .ooiR .00)6 .0072 ..oo«; ..0055 -.00)1 0 

72.« .00)0 .00*7 .00»? ..0O<»9 -.0093 -.00«J 0 

*7.5 .0025 .0060 .0122 -.012) -.0110 -.00*8 -.0012 

Mai .00)5 .0075 .0126 -.01)« -.010) -.0055 -.00)0 

57.5 .0053 .0077 ■aMM -.01)2 ..0097 -.0065 -.0050 

52.5 .00*6 .o&?5 -.0103 -.01)0 -.01)0 -.006? -.0050 

«7.5 .00)6 .0068 -.0110 -.0115 -.0076 -.0057 -.00«7 

*2.5 .0027 .005« -.0105 -.0075 -.0065 -.00)0 -.00)6 

37.5 .002) .00)2 -.0055 -.0042 ..003* -.0010 -.0015 

32.5 .0020 .0022 -.00)5 -.00)0 -.0006 -.0005 -.0005 

27.5 .0030 .0010 -.0082 -.'«15 -.000) 

22.5 0010 -.0005 



Table 11.6  shows the local sea and   i*h!«* 11.7 »huws the disturbaru»- from a 

distance.    Corresponding values oi   lib.-r«  jl.6 a'.d   11.7  add jp the values 

graphed by the solid lines ia figure  11.22.     Tible 11.6 corresponds to the solid 

lines continued by the dashed lines wl:ere appropriate.   The inaximum value 

for a given k and the minimum value are underlined in Table 11.6.   Note that 

the minimum continues quite smoothly ;r;to th.>l region where the swell is not 

present. 

Confidence hounda or. the sums around circles 

Let the sums of the corresponding entries in Tables 11.6 and 11.7 be de- 

signated by O^Q.   Each value of D^Q car be thought to have 19(A/36) degrees of 

freedom if the Variation between nearby values of U(r, •) ia not too rapid.  For 

example, if a square in the U(r, a) pltre were cut in half, then each half would 

be assigned the value U(r, •)/£ and 19/2 degrees of freedom.   The degrees of 

freedom of the sum of the two values would then be 

i9|[(U(r  •)/l ♦ U(r.a)/^   1 

•L(U(r.s)/^r (Uvr.8)/2)'J 

or   19,  and the aum of the two E valtt«! would again be  U(r, s). 

For the sum around a crcuUr r.nii,   tv is can be generalized to give the 

degrees of freedom for a AE value ; or rt-Hponding to those frequencies be- 

tween  2iT(k --|)/96 and  2r(k ♦ \)/V<>'    The equation for the degrees of free- 

dome is then given by equation (II.IS)« 

in is) f ü ^ [Sftfl! 
4    36    lS0Dk

2
el 

The factor of  4  enters in the denominator of equation (11.15) because only 

every fourth value of the spectral estimates is independent. 
204 



For a more .met arwly.i«,   H" ** |rc«i ul ire-rdum -hould br computrd 

from the data with the white noi.e sl.J    pr.s.nt „MM . at each ^luf it >. al.o 

di.tribufil according to Chi .quan   with   19 degree, of fro^o«.    The error 

made in the above computation« is    mal]  lor  low    -Hu.s o(   1 .   but for large k 

the vanation iv white noise may b. Cai: ely reflected tnlo variation in spectral 

estimates because the white muse is a  rather large proportion of the total 

contribul ion. 

The degree, of freedom for  low value« oi  k  are quite low.    For   k  equal 

to   11, there are only 22 degrees of freedom.    Had all these stereo pair, been 

satisfactory tor analysis and had there been no distortion at the edges of the 

stereo data,   the   19 degrees of freedom for each value of U(r.s) actually ob- 

tamed would have been raised to   50 degree, of freedom,   and the ZZ degrees of 

freedom for   k . 11   would have been do.e to   SO degrees of freedom. 

The «mmbor of degrees of fr< edon. given by equation (11.15)   can be com- 

bined with the entrle« in Table   11.5 to give the 90 percent confidence bound. 

.      ..        >,   M! *« corrected for white noi.e.    The results are shown on the e.ttmate. ol   ^t.  ab corr» < .   o  i   i 

in Table   I KB,    The values given al th,   90 percenl  confidence bound, will 

.ncloee the true value of  AE nir.   time, ool often u. repeat ed tests of this 

same type under the same condition ■.     Of ■ OUf.e.   for  . given set of data, the 

true value either doe. or does no. Uli within the • onßdence bounds and one 

can ne-er know whether U did or did not. 

The .ntri«. ihown in Table   11  H   car. beTombrned wiÜl the entries in 

Table   10.1   to compare the wave pole data and the stereo data.    The resulti. 
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T«ble 11.8.    Confidence band» on <Uf from itti-eo spectrum 

Lower   5 percent 
k     confidence  band 

II 

ia 

1778 

. 4S10 

i3 .4 8^ 

14 .4478 

15 . *9S0 

lb . 3279 

17 . 2744 

18 

19 

20 

21 

22 

23 

24 

2S 

Zh 

27 

2435 

. 223S 

. i 78^! 

1SSS 

. 146b 

. 1210 

.088-1 

081 S 

. 0^9^ 

. 0b4b 

A£ 

5825 

7016 

. 1432 

. 1032 

0979 

.0796 

07 37 

Upper 95 percent 
confidence band 

I. 0387 

I. 27J2 

. 7081 1. 1487 

.6194 9402 

5315 7715 

.4319 .6065 

. 3553 .4862 

. 3103 .4089 

. 2710 . 3384 

. 2194 . 1792 

. 1894 2379 

. 1771 . 2201 

. 1732 

. 1228 

. 1153 

.0925 

.0852 

shown in tiRure ] i.23.    For k equal to 11, 12, 13, 22, 23. 24, 25, 26, and 27 

the agreement is satisfactory,  but for k equal to 14, 15, 16, and 21 the con- 

fidence bounds do not even overlap.   The two results are therefore inconsistent. 
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Another «vay to show »^e Ufk of «vreernert in t^r   1«*« .• b» fTi#-*n« of »he 

F test.    The ratio of the »ttrea \alue» to »he wa. e poje • alues ..re tabulated 

in Table  11.9 along with the appropriate degret-s of Jr'-tdom for each esti- 

mate.   At values of k equal to 15 and 11 there is less than one chance in 100 

that the two values of AE could have come from the same population. 

Table 11.9.    F test applied to wave pole and stereo spectra. 

F t^st significance level 
k     ddf     Stereo   Wave pole      Ratio 5 % 1^ Conclusion 

11       22     .5825 .5804 1.0036       1.82 2.38 Accept at 5% 

• 

.5804 1.0036 1.82 2. 38 

.6201 1.1314 1. 85 2.43 12       21      .7016 .6201 1.1314       1.85 2.43 Accept at 5% 

13 30     .7081 .4682 1.5124       1.56 2.08 Accept at 5% 

14 41     .6194 .3530 1.7547       1.56 1.89 
Reject at 5 % 
Accept at 1 % 

15 50     .5315 .2838 1.8728       1.49 1.77 Reject at 1 % 

16 59     .4319 .2611 1.6542       1.45 1.69 ^ll^l^A'ir Accept at 1 % 

17 68     .3553 .2562 1.3858       1.41 1.63 Accept at 5 % 

18 82     .3103 .2358 1.3159       1.31 1.58 
Reject at b % 
Accept at 1 % 

1<»     128     .2710 .1924 1.4085       1.32 1.48 Accept »W^, 

20     110     .2194 .1509 1.4539       1,34 1.51 Acc«ji aM jl 

21 122     .1894 .1252 1.5128       1.32 1.47 Reject at 1 % 

22 133     .1771 .1320 1.3417       1.31 1.47 
Reject at 5% 
Accept at 1 % 

23 171     .1432         .1336         1.0719       1.26 1.41 Accept at 5% 

24 203      .1032         .1137            .9077       1.26 1.39 Accept at 5 % 

25 227      .0979          .09i'9          1.0000       1.26 1.39 Accept at 5 % 

26 267      .0796         .0815            .97b7       1.26 1.39 Accept at 5 % 

27 284      .0737          .0591          1.2470       1.26 1.39 Accept at 5% 
208 



These results are made even mure tntrresting by considering the value« 

obtained by summing the columnt in Table 11.6 where the effect of a distut b- 

ance from a distance has been removed.    These values can be plotted against 

a Neumann spectrum for   18.7 knots and against the wave pole spectrum as 

shown in figure 11.24.   One could not ask for much better agreement between 

theory and observation than is shown between the theoretical Neumann spec- 

trum and the frequency spectrum obtained from the directional spectrum. 

The agreement between the wave pole spectrum and the theoretical spectrum 

is actually a little (but not much) better than shown because the contribution 

of the swell for k equal to  11  and  12 will reduce the sharp peak.    One dis- 

advantage of wave pole data is evidently that there is no way to jee the 

swell if it has the same frequencies in it as the local sea. 

Another question to be asked before entering into a discussion of the 

above results is what would the wave pole calibration have had to have been 

in order to provide agreement with it and both the theoretical Neumann spec- 

trum and the directional spectrum.    This result can be obtained by dividing 

the values for the directional spectrum,  including swell,  by the values for 

the wave pole spectrum before multiplication by the calibration curve.    The 

result is shown in figure   11.25.    There is the possibility of some sort of 

amplified response m the wave pole,  undetected by still water damping and 

resonance tests,  as \i equal to  2IT(1S)/96.    The agreement between the two 

spectra would be fairly good li something like one of the dashed curves 

were used for calibration instead of the original theoretical curve. 
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Diacusaion oi wave |>ule,   gtereo d.-.d theoretxcai spectra 

If a pfiysicist were to measure tht   arf eieration of gravity at the sar.it 

pint;«' b> two different mefhods and obta:-'   ^SO cm/sec     by ore method and 

1400 cm/sec.     by another method,   he would be positive that there was some- 

thing wrong with the  second method.    In this study one is nor in so fortunate a 

position.    There is no background of previous experience,   arid sampling varia- 

tion must always be recognized as a source of any disagreement. 

The results obtained so f;< r are that: 

(i) A frequency spectrum obtained from stereo wave data agrees with a 

theoretical « urve derived by Neuma! :. after correction for the presence of 

swell and the elfectn r.l white noise aid column noise in the original data. 

(w) A frequency spectrum obtained from a wave pole observation does not 

agree with either the one derived theore iraUy or obtained from   lie  stereo data 

.it Iwo points at the one percent sigmficar ce level.    However,   tht  wave pole 

■pBCttmai does agree with the ♦heortt'ca) spectra given a one kno; venation in 

•h«   winds as pointed out 'n Part  !0 

The tollowing hypotheses are among »hose that could be advanced to ex- 

plain the rt-sults: 

(1) The agreement between the stereo spectrum and the theory is 

fictitious.    It has been obtained by choosing just the right weighted average 

of winds reported quite a few hours before the actual observations of the 

wav» s and by rather prejudiced choices of jusi the right amounts of noise and 

swell to get agreement.    Also the reduced stereo data may still be distorted. 
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(2)   Variability in thf winds and background distortion in the stereo data 

is sufficient to explain the difference la the two different sets of observed 

values. 

(3) Sampling variations at the  1 percent significance level have 

actually occurred. 

(4) The wave pole calibration is incorrect. 

(5) Weighted combinaÜOKs of modifications of the above four hypotheses 

taken 2, 3,  or 4 at a time such as, for example (2-3-4).    The wave pole cali- 

bration is wrong by 30 percent at k = 15, sampling variation was at the 20 per- 

cent level and the variability in the winds explains the rest of the differences. 

The first hypothesis can be checked by study of the original data as tabu- 

lated.    The fact that the histogram shown in figure   11.12 shows no effect of 

distortion in area A at least suggests that most of this effect has been re- 

moved.    Also the uncorrected spectra come closer to agreeing with the theo- 

retical Neumann spectrum than to agreeing with the theories of Roll and 

Fischer [19^6] and Darbyshire [1955].    The analysis has only served to re- 

fine the results by what are in total rather small corrections, and the cor» 

rections appear to be logically justifiable in all cases.    If agreement with the 

theoretical Neumann spectrum is not obtained, then the result would be that 

there is no adequate theoretical wave spectrum In existence« 

In the light of these new results, the hypothesis of wind variability is 

much less attractive than it was in Part 10.    The wave pole and stereo obser- 

vations were simultaneous in the sampling sense.   The variation in the three 
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tiitterv'.' u<«.e poj.   spectra a» originally taoulau-d «hows no •fftd oi wind 

variability at the   5 percent level,   and the low value at  k •    15  ucLurs in all 

Lli ree cases. 

The third hypothesis is one that cannot be tested except by doing the same 

experiment over again using the same wave pole under similar meteorological 

conditions.     It  w;l] be rejected as a working hypothesis sol^l,  because it can- 

not be tested.    However,  due to the possibility of this hypothesis combining 

with some of the others in part,   the possibility of incorrectly rejecting it with 

a chance of more than  0.01   (say 0.15) must be borne in mind 

The fourth hypothtsis is a very attractive one      If the wave pole cali- 

bration curve were more like the one shown by the dashed curves in figure 

i I Z5  than the theoretical one.   there would be agreement between both obser- 

ved curves and the theory      It will therefore be assumed that this hypothesis 

is the domiaini explanation for the discrepancies which have occurred. 

This hypothesis can be tested by modeling the wave pole in a scaled 

down long «.rested Gaussian sea with the correct model frequencies present, 

and comparing the record it makes with a record made by a wave pole held 

fixed In position, 

An irregular sea ii suggested for the tests because a non-linear effect 

ol considerable magnitude may be present. In Part 8 it was shown that the 

wave pole    moves upward when the crest of a long period wave passes     The 

submerged tanks are therefore closer to the mean level in the crest of a long 

period wave.     If the crest of a shorter period wave is present f/. the same 
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Um« by mMpmrpmBitiam, tkm caiibration coutaaU would b« caa«i4«rably modi- 

fied du« to the fuct tbat the dcptk of tkc aubmorgod t&alui is less.    Tkl» would 

cause tk« wove pole to move up in the crest of the shorter period wove even 

more thau the theory would predict. 

This effect is not compensated for by an equal and opposite effect when 

the trough of a short period wave is present on the crest of a long period wave 

due to the exponential behavior of these factors.    Thus the response may be 

non-linear and the heights of the shorter period waves may be underestimated. 

For very short period waves such effects would again be negligible. 

If the calibration of the wave pole fails to explain the discrepancy be- 

tween the two sots of observations then the other possible explanstions will 

have to be investigated.   On the basis of the above considerations, a predic- 

tion is ventured that the wave pole calibration will explain the discrepancy. 

If the above hypothcjis is a correct one, then the study of ocean waves 

is in a very odd position.   The wave pole data were to have been a primary 

calibration for the atereo data.   The stereo data appear to have detected, to 

the contrary, a faulty theoretical calibration of the wave polo.   The shipborne 

wave recorder developed by Tucker [1956 a] has been compared with the 

WHOI wave pole, and agreement was not obtained in this caaapariaon either 

(Tucker [1956b]),    This does not necessarily lead to the conclusion that the 

shipborne instrument is correctly calibrated.   In fact, its response at high 

frequencies is known to be poor (Tucker [1956a]).    Therefore at present, 

there is no primary instrument capable of measuring waves as a function 

of time at a fixed point in deep water, 
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H. G. Farmer lr to-  rr»«* or>» with *Jtm tu'hor >•<• acmeribed ho» h« 

»ou'd mod fv »>.#   WHO' w«« e pole bv puttirg t>e »anJca «♦ fearer dej*ha ao 

aa to tinprove the reaponae of the inatrtjnent.     Tkia ahould certainly be a 

8ubjecf for further inveatigation and atu ly both theoretically and by meana 

of model atud'es. 

Compoaitc frequency apectrmn 

T> e resuits of tJ-e frequenry analyala of the atereo data and the wa  e 

poie da'«,   aa ui.ev   n  Tibiea ll»5|   11.6 and   10.1,  can now be combineü to 

\M*»Id i r ompos '.e frequency apertrum over a full range of frequencies.   The 

spor'rum for »Ae stereo da»« la assumed to be correc» for low frequencies 

af-d '^-e wt  e pole «pe- 'ram is sure'v qmte reliable at high frequencies ex- 

rep* per^ »ps for a small  imou'". of white noise.    Aa  k  \ariea from 0  to   10 

,v»* e'^re« in t'-e aercnd column of Table   11.5  from the atereo data will be 

used.       Aa  k     anea from   .1   to  Z2 the auma of the columna in Table 11.6 

w«;" He uaed .*- order to remove swell from the spectrum.    One car note 

smill d.f(eren<.ea be«ween the entr.ea in Tables  11.6 a-d  11.5 due to round- 

off errors *t K<gh frcquenciea.    The errors are amall compared to the van- 

ibi!i»y   n tV'e aannple.    For V  from  23  to 2? the s'ereo values and the wave 

pole valuea agree a^d an average weighted according to the computed num- 

ber of degreea of freedom is uaed.    For k greater than 27,  the wave pole 

values are used.    Th a composite spectrum is given in Table  11.10. 
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Tabl* 11.10. Composite frequency spectrum  for the  locai  sea 
determined from the wave pole and the stereo data. 

Ab           AE Com- Degrees i AE         A£ Com-   Degrees 
k    stereo    wave bined of stereo    wave kinsd         of 

pole freedom i     k 

34 

pole 

0.0212 

freedom 

7   0.0831 174 
8   0.1384 35 0.0193 174 
9   0.2392 36 0.0200 174 

10   0.3716 37 0.0180 174 
11   0.5496 22 38 0.0160 174 
12   0.6498 21 1  39 0.0150 174 
13   0.6208 30 40 Q.0140 174 
14   0.5135 41 41 0.0110 174 
15   0.4545 50 42 0.0100 174 
16   0.3818 59 43 0.0100 174 
17   0.3272 68 44 0.0090 174 
18   0.3056 82     j 45 0.0090 174 
19   0.2656 128 46 0.0080 174 
20   0.2144 110 47 0.0080 174 
21   0.1894 122 48 0.0080 174 
22  0.1766 133     | <9 0.0070 174 
23   0.1373   0.1336 0.1354 345 50 0.0060 174 
24  0.1086  O.M37 0.1110 377      I 51 0.0060 174 
25  0.0984  0.0979 0.0982 401 52 0.0050 174 
26  0.0769   0.0815 0.0787 441 53 0.0050 174 
27   0.0785   0.0591 0.0711 458 54 0.0050 174 
28                 0.0491 174      I 55 0.0050 174 
29                 0.0443 174     | 56 0.0050 174 
30                 0.0395 174 57 0.0050 174 
31                  0.0392 174 58 0.0050 174 
32                 0.0420 174     | 59 0.0040 174 
33                 0.0327 174     1 60 0.0040 174 

The values for the composite spectrum are plotted against the family 

of theoretical Neumann spectra for various wind speeds in figure  11.26. 

The agreement is good for an 18.7 knot wind.    Note that the family of 

theoretical spectra grows up to and then through the composite spectrum 

as the wind speed is varied. 

217 



CampariBon with other iitnilie» of theoretical »pmctr* 

This composite spectrum can be compared with the families of theo- 

retical spectra derived by Darbyshire [1955] and Roll and Fischer [2956]. 

In both cases the agreement between the computed spectrum and the theo- 

retical spectrum is poor.    There is no value for the wind speed which will 

give agreement between the theoretical curves and the numbers given in 

Table 11.10.    These comparisons are discussed in greater detail by Neu- 

mann and Pierson [1957a] and Neumann and Pierson [1957b]. 

Removal of white noise from the directional spectrum 

Upon summation around semicircles,  the predicted effect of the white 

noise was verified and the original estimate of the error in the spot height 

readings as made by the Photogrammetry Division oiti.3 Hydrographie Office 

was verified.   The total contribution of the white noise to the E value for the 

waves under study is thus about  1.08 (ft)  , and  1.08/800 (ft)2 must be sub- 

tracted from each value of the energy spectrum obtained from summing the 

values of U2^(r,s) and  Uj^ir. s),  after correction for column noise.    This 

amounts to 0.00135 (ft)2 per unit square in the spectral plane.   Since only 

four significant figures were tabulated either 0.0013 or 0.0014 was sub- 

tracted from each particular squire.  Each of the above values was subtracted 

an equal number of times so as to even out the total effect to  1.08 (ft)  .    A 

few very small negative values occurred due to extremes of sampling vari- 

ation in the white noise where it was a large part of the total contribution. 

The negative values were removed by "borrowing" from nearby points. 
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Crirnf tion ul tht ggg and »w#lt   ;. ^h» ti.»#rt*«j ^« »pmt « «m 

The heading of MM airplanes HHrg the- stereo dara fiat Data Set ^ wat 

330°.    Since the planes Omw one i>eh;nd the other,   corrert.'/ d;rtcted arrows 

with shafts parallel to the snort sides of (igare b.l  will point toward   330°. 

Since the buoy shown in figure: 6.2 drifted generally downwind and since the 

wind was from 330   ,   or so.   as reported in Part 7,   an arrow parallel to the 

short sides of figure 6.2 and pointing to the left will point toward   330°. 

Due to the   180° indeterm?nancy in direction in the directional spec- 

trum,  this is equivalent to letting the poeitive  r  axis in the directional 

spectrum point toward   150°.    The peak in the directional spectrum indi- 

cates waves traveling toward   180     approximately. 

With the direction    fixed,   the secondary peak in the spectrum indicates 

that the swell is traveling either toward  90°  or toward  270   .    It is inn- 

probable that the swell is traveling toward 90° because there is no area where 

it could have been generated between the poini of observation and the east 

coast of the United   States. 

The assumption that the spectral components are traveling within ^90° 

of the direction toward which the   wind is blowing is not correct for the swell 

and thus the final directional sptttrum ma\ have to have a range of more 

than   180°  in direction. 

The secondary maximum shown w. figure   11,18  should be considered 

to be composed ot two parts.    One part is the continuation of the local sea 

by means of the dashed lines of the energy as a function of direction as shown 
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in Üfur«  11.22 And UbtÜAttd ia Table 11.6.    Temporarily let all of Uue 

energy be aesigaed to the firat quadrant.    Tke contribution from the swell 

as given la Table  11.7 then belange in the third quadrant.    Tables   11.6 and 

11.7 were then recombinea separately to provide estimates of each of these 

contributions.to a square area ia the U(r, s) plane.    The values due to the 

swell were mapped by reflection through the origin into the third quadrant. 

The miaima indicated in Table 11.6 were then assumed to be one ex- 

treme ia the angular range of the sea.   A line forming aa angle of about 30° 

with the positive vertical axis could then be detezmined.    Those values of 

U(r, s) between this line and the vertical axis were then transfer red to the 

third quadrant. 

Hie final spectral estimates in the U(rts) plaae are shown in figure 

11.27.    The values should be divided by  104 to put them ia units of (ft)2. 

The range of directions toward which the spectral components are travel- 

ing varies from 10° to 320°.    The sea has components traveling toward 

directions ranging from 80° to 260°.    The swell is traveling toward di- 

rections ranging from 240° to 320°. 

The quantities shown in this figure have beea obtained by applying 

corrections for the effects of column noise and white noiae to the original 

data and by expanding the spectrum to a range of more than ISO0 from 

Gonaiderations of the local wind direction and the geography of the area 

where the data were obtained.    The effects of curvature do not seem to be 
•» 

very great.    The values at the origin aaust be excluded, and perhaps the 
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forward face oi tkm spectrMm should be «omewhat steeper. 

If tke plotted aumbers in figure 11.27, for the third quadrant»   are 

transferred to the first quadrant, and if the column noise and white noise are 

added to the values obtained, the result would be essentially the numbers 

shown in figure  11.1ft. 

The sum of the numbers in figure  11.27 will equal the total £ value of the 

sea plus the swell excluding a small circle near the origin.   Strictly speaking, 

the values at the borders of the rectangular area formed by the data in the first 

and second quadrant before any reflections through the origin should be halved 

before summing.    However, the values on the s axis of the U(r, s) plots are 

used only once in the direction of 240°.    The values at tke outer edge are so 

■mall that only a minor error is made in not halving these values. 

Contours drawn as precisely as possible for tke numbers shown in figure 

11.27 are skown in figure 11.21.   Tke contours are not very smootk due to 

ssmpling variation.   Tke contour analysis can be considerably smoothed wkea 

tkis sampling variation is taken into account. 

Sack of tke original spectral estimates kad 19 degrees of freedom.   Doe 

to tke corrections made so far, tke smaller values of tke spectral estimates 

and tke values for tke transferred swell do not have If degrees of freedom, but 

values near tke peak of tke spectrum of tke sea still have essentially 1* degrees 

of freedom.   If a spectral estimate lias  19 degrees of freedom, it can be utnU-ti- 

plied by  1.68 and 0.63.    Then 9 times out of 10 tke true spectral value, as 

migkt be obtained by taking a sample with many more degrees of freedom, will 

lie between these bounds.   Similarly, if the spectral estimate is multiplied by 
223 
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0.875 and 1.24, the true value will lie between these bounds four times in ten. 

The contours in figure 11.28 can be smoothed by taking these facts into 

consideration and by assuming that the true spectrum is basically a smoothly 

varying function,    The resulting smoothed spectrum is shown in figure 11.29. 

An attempt to indicate the very steep forward face has been made.    In order to 

obtain this smoothed version it was only necessary to go outside the 40 percent 

bounds about 10 times in the area where the estimates were greater than 0.0050. 

Analytic representation of the directional spectrum 

The curves shown in figure 11.22 and the data tabulated in Table 11.6 pro- 

vide a way to find an analytic representation for the directional spectrum of the 

sea.    The results of the frequency analysis show that the theoretical Neumann 

spectrum as a function of frequency fits the data as summed around semicircles 

quite well. 

The spectrum as a function of frequency and direction can therefore be 

written as equation (11.16). 

(u.16) IA(II, tnz ■ i"—i— • i'«!*. «i 

4 
where c ■ 3.05 x 10    and all values are in c. g. s.  units. 

The function,  i{\L, 9) should have the property that it is zero over half 

the plane,  that 

(U.17) 

and that      ifc, 8)^0. 

'-W2 

f(»t, 8) d8 r 1 
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Such a function is giv«a by 
N 

(11.18» fdt.D-^ll*   Z n  ()i)cos2n0+ b.OOsinZatJ 
w n»l   n 

for   im(H>) - « < •< im(H)f   And zero otherwise if an and bn  can be so chosen 

that f()i, •) > 0 and if I   (p)  is the angle in the first quadrant where f(»i. •)  i« 

a minimum as a function of p. 

If the values of the entries in Table 11.6 are divided by the sum for each 

column, k, and called F(k, t)( then 

(11.19) 

and 

(11.20) f 

2 F(k. 6} » 1 
a 

(#.^4 ^4^) 
If the Fourier series piven by equation (11.IS) is truncated at some parti- 

cular N as indicated, the effect is to smooth out some of the sampling vari- 

ation in the data under the assumption that the spectrum is not too complex a 

function.    Since there are only  36 points to fit for a given k,  for N large 

enough a peril cl fit «ithin the resolution of ii.e data could be obtained. 

The coe ficients, an(|t) and bn(|i), in equation (11.18) can be computed 

for a given ^ s ark/96, by equations (11.21) and (11.22). 

(11.21) 

(11.22) 

+ 17        /   («n + i)«\ /2n(mf4)»\ 

+ 17       /   (m+^M /2a(m + 4)«A 
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A meaaure o/ the vnttion in  F(k,t)  is given by 

(II.n) 

and aince 

(11.24) 

MT = ^ rlF(k, •)]' 

ir/2 

M    =/        [f(K.i)]2di^ fl+^   S[(an(k))2Mbn(k))2] 

the cloaeneaa of the fit for a given  N ia given by 

(11.25) RN = J*N/I4T 

If R^ is  one,  the fit ia perfect for the available data. 

Equation (11.18)   can alao be put in the form of equation (11.26). 

(11.26) f(n. •)    i[^ JPj cn(^ coa(2n(i 'yn))j 

ior  em(Mi) -   ir< e<em(K).  where 

(11.27) 

and 

(11.28) 

%w • i^w ♦ */wi 

Y„^)      2n 
X tan"1 ^l tan      ^nW 

The value» of cnl y  .    and Rn for n equal to  1, 2, 3, 4,   ami  3 were 

computed by meana of the  IBM 650  for each k in Table 11.6.    The reauiia 

are given in Table 11.11.    The value« of cn and y    are plotted aa a function 

of k in figure   11.10. 

The valuea of Cj and yi  a^ow a fairly amooth variation with    k aa 

do alao the valuea of Cj, and y^-    Tha valuea of c^,  c^, and Cr are low 

and aomewhat erratic, and the valuea of y-,   ya*   YK are highly variable 
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Table  1111     Fourier cuWfu .rr.ta    ph«»es and guodreaa of (x: 
for the analvaia of the angular -anation. 

C 

11 12 li 14 15 16 17 18 19 

1.29        1  24 

Yl -28,3° -30.2° 

Rl .951 .969 

Cz 0.32 0.24 

V2 -23.4° -27.2° 

R2 .978 .985 

C3 0.14 0.12 

Y3 -10.9° -10.0° 

R3 .983 .988 

C4 0.09 0.10 

Y4 + 10.1° +8.3° 

RA      .985 991 

C5     0.02        0.02 

1 21        1.16        1.10       0.97 

-29.8° -29-7°   -25.7°   .19.6° 

.963       .983 975       .934 

016 0.17       0 17       0.29 

-21,5° -26.6°   -13.0°   +0.3° 

0.93       0.85       0.82 

-18.D      114.2      »i3.7 

911 .934       .917 

0.37       0.31       0.36 

+ 1.8°     +2.1°     +4.3° 

,970       .991       .985       .960       .954       .967       .963 

V5 

R5      .985       .992 

0.21       0.08       0.13       0.24 

-4.0°     -3.2°     -1.7°     r8.30 

0.26       0.23       0.24 

2.1°      -1.6°     -1.3° 

,982       .993      .990        .979       .976       .985 

0.17      0.11       0.13      0.19 

-8,0°     -7.1°     -4.3°     -3,1° 

+4.4°     -5.7°        +8.6°     +8.8°    +9.0°     -7.7° 

.993       .997       .996       .995 

982 

0.20       0.12      0.06 

-2.8°     t0.1o     T4.70 

.991       .997       .995       .990       .988       .990       .984 

0.08       0.03       0.06       0.13       0.15       0.10       0.13 

.5.4°       2.5°        5.7° 

.995       .993      .989 

(Cont.) 
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Y] 

>3 

^3 

ZL 
Table 11.11    (Cont. ) 

21 22 23 24 .21 26 27 

0.66       0.76       0.78       0.70       0.56       0,54 

14.9°   -11.8° Ot3
( r5.34 0.2°    +2.2° 

0.55       0.53 

-0.6°     +10.4° 

.974 885      .847       .910       .879       .859      .906       .854 

0.45       0.45 0.48 0,37 0.32 0.25       0.22 0.37 

+ 3.8°       2.1° 4.9° 6.5° 2.3° 3.5°       3,5° 5.5° 

.949 .955 .928 .961 .918 .882 .925 .905 

0.15 0.08 0.19 0,05 0.19 0.15 0.05 0.14 

-5.5° -6.1° +9.8° 6.3° -12.3° 7.5° •3.4° »4.9° 

.956 .957 ,940 .V62 .932 .894 .92b .912 

0 12 0.15 0.34 0.23 0.06 0.29 0.16 0.27 

-2.6° 46.1° +6.3° »1.7° +3.1° +6.0° 4.9° -1.8° 

.962 .964 .978 .980 .933 .923 .936 .938 

0.13 0.11 0.16 0.08 0.11 0.32 0.10 0.07 

.0.4* 3.0' '• 7 r4.5' 7.1°       8.0°    -7,5°     ♦5.1' 

R5      .967        .969      .986      .982      .937      .962      .940      .940 

231 

* m»'*"' 



espet.^lly »hen one notes i^r »«y »n which  Yr   >• defined 

The values of K.   range from  0.983 to 0.847 and the average value is 

0.918.    Thus over 90 percent of the angular variation on the average is ex- 

plained by the values of c.   and  y..     The values of R     range from 0,991   to 

0882 and the average value is 0.955,    Over 95 percent of the angular variation 

is explained, on the average,   by the vaJues of Ci,  yii   cz anc*  Y2"   ^e erratic 

behavior of the other coefficients is explained as an attempt to fit the sampling 

variation of the data. 

The graphs of c.f   y.,   c,,   and y? do not vary as a function of k  very 

rapidly-    It would not be difficult to express them as somewhat smoothed func- 

tions of k land hence p) over the range of k from 11 to  27.    The result would 

then be given by equations   (11.29).   (11 30).   (11.31)  and  (11.32). 

(11.29) cl = CjV) 

(11.30) Yj « Yl*Ui) 

(11 31)   • c2 r c?%) 

(11.32) \z^z*W 

The directional spectrum could then be defined analytically as a function 

of frequency and direction by equation (11.33) in which precautions would have 

to be taken to insure that the square bracket on the right was always positive. 

(li   33)       lA(^,e)l2^ I** 
2g2/^v2 

. -1[1 4- c1*(»i)co8(2(e-v   *(^))) 
IT * • 

+ c2*(»i) co8(4(e-v/(^))l 

Also f(fi, Q) would have a minimum in the first quadrant as a function of   8 
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,• 

for a fixed |i.    Let thia minimum b«  •*(!»).    Then  (11.33) would b« äetinmä mm m 

above for 

CM -«< • < <iw 
and by zero otherwise. 

The analytic expreeaion determined aa outlined above could then be trana- 

formed to Carteaian coordinatea in the c( p plane aa deacribed in Part i.    If 

the function [A(cy 0}]   ao obtained were integrated over a aquare of the area of 

one of the aquarea in the U(r( a) plane the reaulting number would then be quite 

cloae to the computed valuea of U(r, a} and it would certainly agree within 

poaaible sampling variationa with the computed number.    However,  auch an 

analytic expreaaion would alill reflect certain featurea of the obaerved data and 

the wind field which generated the waves which would bo difficult to generalise 

to other caaea.    In what followa thia point will be diacuaaed in more detail 

and a aimpler analytical expression derivod for wave forecasting purposes. 

Properties of the directional spectrum 

By means of the data tabulated and graphed so far, in particular by 

means of Tables  11.6,  11.10. and 11.11 and by means of figures 11.22,  11.26, 

11.27, and  11.29,  certain properties of the sea generated by the local winds 

in the area where the data were obtained can be summarised. 

Theae properties are (1) that the integral over direction of the direc- 

tional spectrum agrees remarkably well as a function of frequency with the 

theoretical spectrum derived by Neumann for an It.7 knot wind, (2) that the 

angular spectrum is concentrated ever narrower angular range for Umg waves 
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(low fr«qu«BCJ««) and »pmä out mfr m widvr rmngm tor ahort »« .«• (lugh 

frequencies) and ()) that the integrated apectrum continues aa predicted into 

higher frequencies aa determined by the wave pole data.    The properties 

should be expected to be the same for other apectra obtained for other con- 

ditions at other times. 

There are other properties of the particular spectrum studied which are 

in part probably due to sampling variation and in part due to the particular 

local wind field which generated the  eaves.    The values of  Oj  show that the 

peak in the angular variation of the apectrum shifts from what corresponds 

to  ISO0 in figure 11.29 to 140° as the frequency increaaes from 2«(ll)/96 

to 2v(27)/96.    Also a secondary peak at frequencies corresponding to 

2«(16)/96.   2v(17)/96,   2v(18)/96, and perhaps even for higher frequencies, 

is indicated in figure il.22, and by the high values of c^ and the values of 

0^ in figure 11.30.    This secondary peak causes the graphs in figure 11.22 

to have the property that they are not even fiuitL  U.T   ^out some central 

value of the direction.    The change in  lf[ can be explained partly by sampl- 

ing variation and partly by the fact that the local wind direction was reported 

to be from 330° and the winds further to the north were from  360°»    Pos- 

sibly the winds to the north were the ones which generated the longer waves. 

The skewress of the curves for the angular variation may or may not be real 

in the sense that it would still ahow up in a spectrum with a larger number of 

degrees of freedom.    However, it should also be noted that there is a wind 

shear present over the area of wave generation with the property that the 
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wind mp**4 larreasca tftn emit im «••e «cross the are« under stud«.    A 

jwasible effect of the shear would he to produce the skewaess ta the aaf uiar 

variation as indicated.    At some fu:u.re time it may be possible to extend 

the concepts of wave theory to permit a representation of the local wave 

spectrum as a function of wind velocity and wind direction locally and as a 

function of the change of wind direction up wind and the shear in wind velo- 

city cross wind.    To do this would require a greater number of degrees of 

freedom than this study has obtained,  several different spectra for different 

wind conditions, and a very detailed study of the wind fields. 

An idoalinod directional spectrum 

For the present purpose, however, it is desirable to attempt to ideal- 

ise the results obtained so as to reflect the three results pointed out above and 

so as to eliminate sampling variation and the effects of changing wind direction 

and wind shear.   It will therefore bo assumed that [A(p, •)]    is an even func- 

tion about the local wind direction and that its peak value falls at  • = 0.    The 

values of cj(p) as tabulated above thus determine the amplitude of the cos 2t 

term and ^(p) is assumed to b«  zero.   (This implies a rotation of -30° for 

the axes in the figures given above if it is desired to approximate the peak 

of the spectrum.) 

After considerable subjective curve fitting and trying a number of pos- 

sible functions which did not do as well, it was found that cj  could be approxi- 

mated by the following function of frequency and wind speed adhere the values 

are in e.g. s. units and v is  (11.7 x 51.5) cm/sec. 
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II1.M1 c, = 0.50 ♦ O.BZe'ilkv/ii  ll 

The function Up., %)  can then be given by 

(11.35)       f(»t.O) =i[l +(0.50 +0.82 e■■(^v/g,   /2) co« 2i + c2 cos 4«] 

for  -ir/2 < •< ir/2. 

Since the value» of Cj  are greater than one for imall n,    i^,%) becomes 

neRative for   0 near iir/2,  and thi« is not permissible.    To avoid this,   cz 

must be chosen so as to make  %. f)  everywhere positive. 

Since 

(11.36) cos 29 » 2(cosi)2 - 1 

and since 

(11.37) cos 4« = SicosS)4- •(cos t)2 ♦ 1 

equation (11.35)  can be rewritten as equation (11.38). 

(11.38) Ifc, H ■ (I • O.M • i-tt«*^  /2 + c2l 

+ [1.00+ 1.64 e"^^72 - 8c2l(cos8)2 + 8c2(co. I)4 

In order to keep the term independent of • »Iways positive, the smill- 

est possible value of c2 is given by 

(11.39) c^O.«.-^'»'4'2 

The function,    f(^. 0)  can then be written In two alternative forms as 

equations (11.40)  and  (11.41). 
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(11.40)   M*.tl «^ll ♦C0.50*0.t2«H|Mf/t)  /4)co.JtM0.J2«*l,*v/,)  /4)co«4iJ 

(11.41) fo^ .llo.Md . t****** • (1.00 . Mt/^^Wt1 

A value of €£ greater than 0.33 would make the coefficient of (cos 0)    in (11.41) 

negative for small |i with the accompanying possibility of negative values for f(|i»i). 

The curves for cj and c^ are graphed against the observed values of cj 

and C2 in figure 11.31.   The fit is fairly good for e|| and for C2 for frequencies 

corresponding to k equal to 11 through 15, the fit is not too bad.    The extension 

of the curves outside of the region where data are available is quite arbitrary. 

For the longer waves the value   of (11.38) has little total effect on the spectrum 

because the energy is very low there.   For the shorter waves if Cj became less 

than 0.50, the effect would be even greater angular spreading.    Note that in 

figure 11.30 y^ and y^ are close together for k equal to 11 through 14, and 

that in a sense the value of c^ used above is only the ia-phase part of cos 40 

with respect to the original data when k is larger. 

A possible functional form for the directional spectrum of a wind generated 

sea is finally given by equation U1.42) if the wind is uniform in direction and 

speed over the area of wave generation and if the sea is fully developed. 

2 

(11.42)    LAdi,!)]2« Jg*"2(g/>iV)    '111 i (0.50 f 0.82 e"^^  /2) cos 20 

M0-32e-(»lv/^/2)cos4ll 

for -v/2< 0 4 ir/2, and zero otherwise. 
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Thj« idr«it<ed dtr^ctiOAAJ «prctrjm •till comr« :«*rl> doM lu «Kr*«in« 

with the curvet m II.JJ,    A/ier proper angular rotation,  the (coa 0)4 term 

will give good agreement with the curvet for low frequenciet.    Agreement 

with the higher frequenciet it alto good.    The tecondary peak and the skew- 

nest at intermediate frequenciet it misted. 

Caution is recommended in the use of equation (11.42).    Within the limita- 

tions mentioned above it comet clote to detcnbing the tea observed for a wind 

near   18.7 knots.    For higher or lower values of the wüid apeed, however,  it 

may not work although as a working hypothesis it may lead to useful result«. 

Since only one spectrum was observed the variation in v of f(|x, 8) as fitted 

cannot be tested.    One could on the basis of the available data put v = 18.7 

knots inside the square brackets of equation (11.42) and say that variation in 

[A(ji, 6)]      as a function of v is caused solely by the occurrence of v in the 

first term. 

However,  there are two additional points that can be made in favor of 

equation (11.42) as written.   They are that it would appear to give more real- 

istic swell forecasts than previously used formulas,  and that the mean 

square slope of the sea surface still varies linearly with wind speed as 

observed by Cox and Munk [1954]. 

A previously given equation for the directional spectrum of a wind 

generated sea [Pierson,   1955] is shown in equation (11.43). 

2 -2(g/uv)2 , 
(11.43) [AUi. mfmfiM    S!!        (cos B)2 

for  -w/2 < 8< ir/2 , and zero otherwise. 
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Equation (11.42) can also be written aa equation (11.44). 

(11.44)   [A()xte)]a = ^"2(g//V)   [0.25(l.e-^v/8)4/2)H0.50.0.46e-(»lv/«,4/2)- 
pT 4 

(cose)2 ♦ (1.28e-<^4v/8,  /2)(cos B)4] 

for   -n/Z < B< ir/2,  and zero otherwise. 

2 4 If fi is small,  the angular term in (11.44) becomes 0.04(cos&)   + 1.28(cos0) 

which shows that the spectrum is more peaked at low frequencies than had been 

assumed in (11.43).  Conversely if ^i is larger,  the angular term in (11.44) be- 

comes 0.25-f 0.50(cos6)    which shows that the spectrum is more evenly spread 

out at high frequencies than had been assumed previously. 

The angular spreading factor used in Pierson, Neumann and James [1955] 

can be derived from equation (11.43) and it is given by equation (11.45). 

(11.45) FW = 2*l*li27Ä     for   -ir/2< e< ir/2. 

The angular spreading factor from equation (11.42) can be written as equation (11.46V 

(11.46) F(ti.eMi^(g'^Q'8?y"(ttv/g) n)wt* + Mi*{ikvfg) /Z)tinia '        2    w 2« 4« 
for -w/2 < e< «/2. 

Th* curves for ((6) as given by (11.45) and for  F()i, 0) with ^ - 0 and 

(i « o) as given by (11.46) are given in figure 11.32.    Equation (11.43) is seen 

to be a compromise between the two extremes indicated by equation (11.42). 

The new results, if correct, indicate that long period swell will be higher 

on a line through the center of the generating area parallel to the wind direction 

than it would be using the methods of Pierson, Neumann and James [1955] and 

that the short period waves which follow later would be lower.  Stated another 

way,  the long period components of the spectrum are more concentrated in 
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.Uf d.rettjon of the- wind and hence «r. ^tneraJ ti^ey «hoaJd be observed  i* .1 

Rreatfr diistance than the short period compoi mitl wh.'i h spread angularly 

ovOi   a wide area outside of th*; genera'ing Area.     Ihese resitltl a-e thus an« 

cither reason, apart from possible effects of viscosity,  why swell has a higher 

period than the waves ut J^e area of generation and why short period swell is 

seldom observed. 

Il   should be noted that ^iv/g   is  just another way to write   v/c   where   c   is 

the phdse velocity of the spec ral component,   and it Will not be too difficult to 

write a brief modification of C" apter   3  of H. O. Pub. 60 3 wh.ich w II employ a 

iamily of angular spreading diaj,   ams as a function of  './c  and ptimit better 

swell forecasts. 

Cox and Mun    [1954] have foi nd that the variance of the slope >»c the  s» a 

surface increases linearly with the wind velocity and thi;   the theOiOiical spec- 

trum of Neumann [1^54] correctly predicts the total slope variance oi the 

gravity wave part of   he spectrum. 

The upwind slop-   variance is g.vtn bv equation (11. .7) and the   :rosswi>>ri 

»lope variance '8 give»   oy equation (11.48).    (See Pier so  , [ 1955]. ) 

(11.47) 
. ..4 

.ao      TT/2 

[ACmt)f -. uosej^de ,1 

CO 

■i 
-nil 1 

iZ H 
I 

(11. 18) 
rC      -it/2 

Wlren equation (11.4<'.) is substituted into equation (11.47) the resuli can 

be simplified to the form of equation (11.49) w    re  v  is La meters/sec. 
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CD 

til.49»     c*      1.59 x  1 0-^0.^0.125.^   A.-'""1'-4*] 

The contribution of the integral to equation (11.49) ia quite «mall and the 

2 
value of c      can be given by equation (11.50) where v is in meter« per second. 

(11.50) rx
2 = 0.99-10*3 v 

Similarly  r      can be found to be equal to 
y 

• li.5l) v* = 0.60. 10-3 v 

These values oi tfc4 unwind and crosswind slope contributions are in better 

agreement with, the observations than those which result from equation til.43} 

although. Cox and Munk found  c      and  r      to be nearly equal.   Perhaps the dis- 

crepancy can be explained by the nature of the site at which they obtained 

their observations.* 

If the ratio, |iv/g,  used in deriving equation (11.42) had been of the form 

|iv  /g where v    is * constant equal to the wind observed at the time of the oi* 

servation, then the integral over a would be a function of v such that the ex- 

ponen* would be  (-a   /2 - 8/(vc)4).    For a surface wind of 1 5 m/aec there 

2 
would be a tendency toward a greater contribution to v     than observed by Cox 

and Munk,  and similarly a smaller contribution to r   . 

Barber [1954] has studied the angular variation of waves with a period 

near two seconds in Waitemata Harbour,  Auckland.    He found an angular vari- 

ation somewhat like [cos 6]  .    However,  his results cannot be compared with 

these results as he writes that "the wind was about  15 knots and  2 sec waves 
■  

♦ See also the end of this chapter. 
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mmr* dowiiwt; but b«c«u«« tkm /«icii »i Ui« «tad direction ««• mucli gr««i«r 

th*a «Iscwher«, it is not «xpoctcd that th« (rasultaj wiiJ apply to open wator." 

Aliaaing in the directional spectrum 

Ai shown in figure 11.26 the computed wave pole spectrum at high fre- 

quencies is a little high compared to the theoretical Neumann spectrum.    The 

computed energy at frequencies greater than a value corresponding to a k of 

27.5 is 0.57 (ft)2.    Some of this energy is aliased in the directional spectrum 

back into longer wavelengths.    The amount aliased is certainly less than 0.57 

because part of the above value is probably white noise and part is correctly 

located in the corners of the rectangular area of the directional spectrum analy- 

sis.    Only about 0.37 (ft)    lies above k equal to  31  and hence some part of 

0.20 (ft)2 is correctly located.   Taus as a very crude estimate something of the 

order of 0.25 (ft)   is actually aliased over the directional spectrum.    When 

spread out over a wide frequency aad angular range, this aliased energy is un- 

detectable because of the aampling variation in the higher unaliased values. 

Correction to the covariance surface 

The covariance surface given la figure 11.15 still has errors due to 

white noise and column noise in it.    The correction for white noise is to sub- 

tract 0.56 (mm2 x 100) (that is,  0.54 x 1.032) from )i(0,0) and 0.191 from the 

central column (O.ltb x 1.032).   The result is the estimated covariance surface 

of the sea plus the swell as shown in figure 11.33.   The major effects are to re- 

duce the peak at the center, and hence increase the correlation of the edges with 

. 
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th« center,  and to push the zero contour more re*liattc*lly to the left along 

the -q axis. 

It would not be too difficult to remove the effect of the swell from the co- 

variance surface and to obtain an estimated covanance surface for the sea.   How- 

ever,  as Tukey and Hamming [1949] have pointed out the covariance estimates 

are subject to even more erratic sampling variation than the smoothed spec- 

tral estimates and this sampling variation is not well understood. 

For example,   Tukey [1951] has shown covariance functions computed 

from portions of the same time series.    They were markedly different and 

yet the spectra computed from the different covariance functions were very 

similar. 

For many types of problems in which knowledge of the covariance function 

is needed,  it has been found that reinverting the smoothed spectral estimates 

will yield a more reliable covariance surface.   Also for simpler problems the 

simplified spectrum given above which is symmetrical about  8 & 0  would 

give a more tractable covariance surface. 

Alternate procedures for determining directional spectra 

A number of alternate procedures for determining directional properties 

of waves have been proposed and attempted. 

The methods used by Barber [IS'54],   essentially directional antenna 

arrays,  are by far the simplest and most economical if fixed posiUons for the 
■ 

wave poles can be maintained.    The effects of refraction and perhaps bottom 

friction and percolation, however,  make it difficult to generalize to open sea 

conditions and study the full range of components in the spectra. 
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Another way is to take wave records from a moving ship by means of 

the ahipborne wave recorder as descnbrU by Cartwright [1956].   The ship is 

run on courses corresponding to an n sided polygon and the shift in frequency 

of the spectral components is studied.   With enough degrees of freedom per 

spectral estimate,   it should be possible (in principle) to resolve the spectral 

estimates into a directional spectrum by the inversion of some simultaneous 

linear equations in an appropriate number of unknowns somewhat along the 

lines of the method described by Pierson[l952].   However, if the response of 

the instrument to the waves is different for different headings due to the pres- 

ence of the ship and if the records are too short so that sampling variation 

from record to record is pronounced,  Lien the difficulties tobe encountered will 

be even greater than those encountered in this report.    Although some of the 

data reduction might be eliminated by analogue methods, the procedure would 

have essentially the same degree of complexity as the one used in this report. 

The latest proposed procedure for determining directional spectra is 

given by Longuet-Higgins 11957). The records from an airborne altimeter 

capable of measuring Tl(x,yl and br\(x.,y)/dl are assumed at the starting point, 

and then by computing various moments from the data as determined by such 

quantities as the average distance between successive zeros at various head- 

ings and the velocity distribution of zeros, the moments of the spectrum are 

obtained.    Then by an inversion technique the spectrum is deduced. 

Pier8on[l952] proposed the use of an airborne altimeter to determine 

the directional spectrum.  The method of analysis invol/ed the study of the 
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spectra obtained at different headings and the so'ution of a set of simul- 

taneously linear equations. 

From the results of this present study, it can be stated that the method 

proposed by Longuet-Higgins [1957] is not likely to be successful, especially 

Mth respect to a sea.  Since the data are taken at different times at different 

headings,  each record has a different sampling variation for each spectral 

estimate.    The various moments thus have wide sampling variation. 

Moreover,   eighth moments are required to give any sort of definition 

to the spectrum.    For the true sea surface the eighth moment is entirely 

determined by the capillary waves on the water.    Some sort of filtering 

action would be needed in the recording instruments to maintain pure gravity 

wave conditions  otherwise a problem in resolution would arise due to the 

extreme range of wavelengths covered.    The effect of such filters would have 

to be incorporated in ihe theory. 

Even with the capillary waves filtered out there would be high frequency 

error noise of some sort or another present in the data.    In computing an 

eighth moment,  this noise would blow up beyond all recognition and com- 

pletely obviate the value ol the estimated moment. 

In contrast the methods used in this study effectively suppress high fre- 

quencies whether real or due to errors in the data.    Also various sources 

of error which will undoubtedly be present in any method of recording waves 

were isolated and removed. 

The very valuable results of Lcnguet-Higgins [1957] on the statistical 
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propertie« of a r*ndo:n moving .urface c*n mo.t efücienüy b« applied by 

ufling the moment« computed from the corrected .pectrum obtained in this 

study and allowing for the effect» of the white noise and column errors. 

Winds 

The winds as observed by the R. V. Atlantis were measured by means of 

a three cup anemometer and a wind vane.   The three cup anemometer and the 

vane were mounted at the end of the main boom above the upper laboratory of 

the Atlantis at a height of  15 to   18 ft above sea level.   The dial of the ane- 

mometer was read visually to get the wind speeds.    The winds as observed 

might have been a little high compared to undisturbed measurements over 

open water due to the presence of the ship. 

The theory of the Neumann spectrum is based on observations of the 

wind at a height of about 25 feet above the sea level.   If a logarithmic wind 

profile is used with a roughness coefficient of 0.75 cm (Neumann [19481), 

and if  15 feet is used for the anemometer height of the Atlantis, the  18.7 

knot wind becomes a 20 knot wind at 25 feet.    It becomes a  19.5 knot wind 

if 18 feet is used. 

The theoi etical spectra for 19 and 20 knots are also shown in figure 

11.26.   On consideration of the confidence bands of the composite spectrum, 

especiall/ near the peak where there are only 22 degrees of freedom, the 

variability of the winds during the time when the 18.7 knot average was ob- 

tained, and the compensating effects of the presence of the ship and the cor- 
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rection tu * greater height,   it i» only possible to conclude that the agreerrsent 

is satisfactory within the range of possible variation of wind speed and true 

spectral values, and that there is certainly no justification for changing the 

constant in the Neumann spectrum. 

Added notes on the results of Farmer 

Farmer [1956] has made further measurements of wave slopes on the 

windw.ard side of Bermuda.    He therefore had an unlimited fetch of open 

water over which the sea was generated in contrast to the results of Cox 

and Munk [1954] in which some islands may have interfered with the fetch 

as pointed out by Darbyshire [1956]. 

Farmer [1956] found essentially the same total slope variance as 

Cox and Monk [1954].   The ratios of upwind downwind to total slope variance 

found by Farmer were 0.57,  0.60, and 0.77, and these compare quite 

favorably to the theoretical value of 0.625 given by equation (11.49). 
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PAÄT |J 

RLCOMMENOATIONS AND CONCLUWM 

' 

Conclusions 

The directional spectrum of a wind generated sea has been determined 

from stereo data after correcting the data for differential shrinkage,   column 

noise,   white noise and the presence of a swell.    This spectrum shows a single 

peak and the contributions from different wavelengths cover a wide range of 

wavelengths and directions.     When transformed to a frequency spectrum, 

with directional effects eliminated,   the results are remarkably close to the 

theoretical spectrum derived by Neumann.    The longer waves in the spec- 

trum are concentrated over a narrower range of angles about the wind di- 

rection than the shorter waves. 

The actual spectrum reflects some effects of sampling variation,  wind 

shear,  and changing wind direction upwind which are difficult to isolate be- 

cause of the nature of the wind data and the sampling Variation.    Whs;, 'hose 

are removed by simplifying assumptions,   it is possible to obtain an analytic 

representation for the spectrum which appears consistent with known pro- 

perties of swell and sea surface slopes. 

The analytic representation which has been obtained rests upon some- 

what shaky foundations as far as angular effects are concerned.  However,  for 

forecasting it would appear advisable to incorporate these results into the 

forecasting method without awaiting further verification.    Certainly the re- 

sults on which such a revision would be based are on firmer theoretical ground 
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than the results on which the original material was based. 

The spectrum computed from the wave pole data does not agree with 

the spectrum computed from the stereo data nor with the corresponding 

theoretical Neumann spectrum.    Variability in the spectrum due to wind 

variation of the order of one knot would explain the discrepancy.    However, 

a more likely reason for the discrepancy appears to be in the calibration of 

the wave pole. 

The numerical results which have been obtained provide valuable data 

on a wind generated sea for a fairly low wind speed.   It will be particularly 

useful in studying the topography of the sea surface and in problems con- 

nected with seaplanes and small vessels. 

Recommendations 

The use of stereo photographs to determine the directional spectrum 

of a sea has proved feasible.    Due to attrition, an originally desired 50 

degrees of freedom per spectral estimate was reduced to only  19.    The com- 

putations were lengthy and difficult,  but nevertheless results of consider- 

able value were obtained. 

It is difficult to generalize the results obtained to higher wind speeds, 

and one determination of a directional spectrum is not enough to provide 

comprehensive details on fully generated seas for a range of wind speeds. 

It is therefore recommended that an experiment similar to the one de- 

scribed in this report be repeated for a fully developed sea at at least one 

higher wind speed.    A wind of 24 knots, a fetch of 130 NM and a duration of 
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14 hours should not be too difficult to find.    For these concitions the signifi- 

cant wave height would be nearly double and the   £ value would be nearly 

four umes those observed for the  18.7 knot wind according to the* results 

of Neumann. 

If such distorting effects as differential shrinkage and column noise could 

be eliminated by proper choice of film and preliminary studies of their causes 

it would then be possible to allow a four-fold increase in the white noise vari- 

ance without seriously affecting the results.   This would permit the planes to 

fly higher, thus covering a larger area in one stereo pair and providing better 

resolution and more degrees of freedom.    An appendix written by Simeon 

Braun item,   the Research Division photographer at New York University, 

follows these recommendations and conclusions.   In it is given a discussion 

of the stability of different types of film bases and of film processing methods 

which should eliminate the effects of differential shrinkage. 

In such an experiment more careful attention should be paid to the wind 

field, and winds should be recorded at least every hour for as long a time as 

possible prior to the observations.    A decrease of wind speed in the wind 

field should be avoided.    The winds,   if , jjsible,   should be measured at 

several heights. 

Moreover,  now that a fairly good method of analysis for the results 

has been developed,  it should be possible to program additional operations 

on the spectrum to carry out in just a few minutes all the computations 

made in Part 11. 
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As mentioned in Part 11, a calibration study of the wave pole is recom- 

mended, but for a new stereo study, it is recommended that the design of the 

wave pole be altered along the lines suggested by H. G.   Farmer. 

At or near the same time that the stereo and wave pole data are taken, 

it might be advisable to take records with anairborne altimeter as developed 

at the U.S. Navy Hydrographie Office and with shipborne wave recorders in- 

stalled on several different types of vessels.     The airborne altimeter could 

be flown at a number of different headings and the ships could be operated 

both hove to in head seas and on polygonal patterns as described by Carl- 

wnght.   This would require an advance forecast of a stationary state for at 

least foar hours,  but this should nut be too difficult to achieve. 

The wave pole data at the present time appear to be the only data 

capable of reproducing the higher frequencies correctly,  and such data 

would «till be needed.    With stereo data,  wave pole data,  airborne altimeter 

data,  and shipborne recorder data it will be possible to make exhuittive 

cross checks of the calibrations and responses of all the insiruimnts and 

to study the relative utility of each. 

With such exhaustive measurements of the sea state,  additional data 

of   nterest to naval architects and electrical engineers could also be ob* 

tamed at the same time.    This would permit their theories and calculations 

to be based on a firm foundation consisting of adequate knowledge of the 

state of the sea at the time of their observations. 

■ 

. 
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APPENDIX 
Th* Oimrnaioruii SUbili'y of Photographtc Film« 

Abinrmct 

The dimenaional «tabiJUty of «evcral photographic film base« to 
relative humidity,   temperature,   processing,  handling,  and storage 
is discussed.    Permanent and temporary size changes are outlined. 
Recommendations for the choice,  processing,  and storage of film 
intended for photogrammetric use are made. 

Sources of errors in stereo-photogrammetry 

In addition to optical factors,   platform stability,   camera tilt,  etc., 
the inherent dimensional instability of flexible photographic film bases 
may contribute to error in measurements made from aerial stereo photo- 
graphs.    In order to minimize error due to the last cause,   care must be 
taken in the choice of film,   storage before and after exposure,  processing, 
and handling. 

Dimensional changes in photographic films may be classified under 
two headings: temporary and permanent. There are two factors involved 
in temporary changes; temperature  and relative humidity. 

Temperature effects 

The thermal coefficient of expansion of most common film bases (1944) 
is approximately   5  x 10"^  inches per inch per degree F,   or about 0.05 per- 
cent per   10oF.    Table I  shows the effect of temperature,  as well as relative 
humidity and processing,  on several film bases (Fordyce,  Calhoun, and 
Moyer,   19S5).    The expansion is generally 10 to 40 percent greater in the 
widthwise than in the lengthwise direction.    This is the result of the partial 
onentatioi. of the molecules in the base in the machine direction.    It is evi- 
dently easier,   under these conditions,  to increase the distance between them, 
either by thermal agitation,  or by the introduction of moisture,   in a direction 
perpendicular to this alignment. 

Humidity effects 

The humidity coefficient of linear expansion of common films varies 
from a low of  1.0 x lO'5   for DuPont "Cronar" to about   10 x  10'5 inches 
per inch per 1 percent  relative humidity change,  for standard cellulose 
acetate.    This effect is esbentially linear between 20 and 70 percent relative 
humidity,  and somewhat greater below  20 percent and above 70 percent. 
Photographic films exchange moiaure with the air continually.    The mois- 
ture content of a film is determined almost solely by the relative humidity 
of the air with which it is in equilibrium. 

• 
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Cronar 

A new polyester film support,   "Cronar",  is now being produced by the 
Photo Products Division of E. I. Du Pont de Nemours and Company.    At pre- 
sent,   it is being coated only with the slow,  high contrast "photolith" emulsion. 
Reference to Tables II and  III,  and Figures   I  and   2,   will indicate that 
"Cronar" shows considerable improvement in dimensional stability over 
other flexible film supports,   in regard to temperature,   relative humidity, 
and processing.    There is reason to hope that when "Cronar'' is available 
in larger quantities,   it will be coated with an aerial emulsion,  in addition 
to the litho emulsion now available. 

Permanent changes 

There are three principal causes of permanent dimensional changes 
in film supports.    The first,  and most important,  is the gradual loss of 
volatile chemicals (plasticizer and solvents).    Film base is cured for about 
five hours,  which eliminates about 96 percent of the volatile chemicals. 
The subsequent loss of the remaining 4 percent causes shrinkage and re- 
lated troubles.    Shrinkage from this cause is accelerated by heat and 
moisture,   and reduced by preventing free access to air.    As with tempor- 
ary changes in dimension,   shrinkage is greater in the widthwise direction. 

■ 

The compressive force of the emulsion upon the base results in a 
certain amount of plastic flow or permanent shrinkage.    Dimensional 
changes from this cause are increased by heat,  because of increased film 
plasticity at high temperatures.    Moisture also increases base plasticity 
but inhibits the contraction of the base,  and the latter has the greater 
effect.    Thus,   an increase in relative humidity,  at constant temperature 
greatly decreases this type of shrinkage.    Plastic flow of the base may also 

be the result, of stretching in handling and processing — resulting in extension 
lengthwise.    Such changes are increased by heat,  moisture,  amount of 
tension applied,  and the duration of the tension. 
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Th« Uurd c«u«« ci p»rm*n»nf 4tnfi«n«tonAj chAOf» i« r«i**«« fl# 
•train,  or f covrry from de/orm*iion,    if film b«so t« »trrtched during 
manufacture undor condition« which do not permit reorientation of the 
molecuJee,  deformation,  or creep,  occurs,   reiulting in lengthwise 
extension and width wise contraction.    Rapid cooling retards reeovery 
of the deformation (primary creep) due to "freesing in of strain".    This 
strain may be released at some time during the life of the film,  with con- 
sequent lengthwise shrinkage,  and widthwise expansion.    Where such a 
strain exists,  the rate of recovery is increased by both heat and moisture. 

Table IV shows the effect of temperature on the rate of shrinkage 
of an earlier film base,  EK16 mm  safety reversal.    Shrinkage was mea- 
sured in the lengthwise direction,  on processed film strips exposed freely 
to air at the indicated temperatures,  and 20 percent relative humidity. 

TAfLE  IV 

% SMnkogi > 

TIME («onlM T^F f0OF 120° F 

0 o • 0 

1 O.lt 0.34 0.74 

0.30 O.SO 1.00 

0.37 O.S I.0B 

a 0.39 0.40 1.04 

0.40 0.42 \M 

0.41 0.43 1.20 
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Proc*<>iai mhriakMf 

Films «well daring development, and shrink again during drying. 
Most films undergo a small permanent shrinkage during processing.  How- 
ever,  if the film is not brought to equilibrium with air at the same rela- 
tive humidity after development as it was before, the permanent process- 
ing may be completely masked by the temporary expansion or contraction 
due to change in relative humidity. 

Table V shows the effect of processing on several film bases. Values 
are given for materials conditioned 4 hours before and after processing 
at 20 percent relative humidity,   50 percent relative humidity, and 70 per- 
cent relative humiditv,  all at  70oF. 

matmmt mi FrooMSIn« mn LIIH« Film Sta« 
Rrpmrnnti vr •cntitiwd aim* were mcaiurrd before ajil after 
pracctung to determine proceMing uability. Value« are given 
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. 
As indicated in Table IV,  photographic film shrinks during storage. 

This shrinkage is accelerated by high temperatures and by free contact with 
air.    Table VI illustrates shrinkage of EK nitrate MP film (no longer used) 
in the lengthwise direction for various periods,  under three storage con- 
ditions, all at 70oF and  b0-6b percent relative humidity.    Fig.   3 shows the 
shrinkage rate of the newer triacetate base. 

Du Pont literature states that "Cronar" polyester photographic film 
base is chemically inert, and contains no plasticirer or solvents to be lost 
gradually as it ages.    Normal storage studies,  it is added, have given no 
indication of base change or deterioration, and forty day accelerated stor- 
age tests at  100oC have caused no significant change in processed film 
properties.    Hence, it is expected that this base will remain substantially 
unchanged over long periods Of time. 
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Kodak aerial films are now coated on two bases.    Kodak Xerographic 
films,  (Type 1A) are made on low shrink topographic base,  suitable for use 
in accurate mapping work.    Regular Safety Aero base is used for Kodak 
Ektachromc Aero Ulm, and Recon film.    The latter has somewhat higher 
shrinkage characteristics than the Type 1A.    A comparison of dimensional 
changes in the two bases is shown in Table VIL 

Since  1941,  Type 1A (topographic) film base has been made from 
cellulose acetate butyrate.    Between 1938 and 1941.  it was made from cellu- 
lose acetate propiomate.    Both these bases have substantially lower humid- 
ity expansion coefficients than cellulose acetate, used prior to 1938. 

A 
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Shrinkage cf pho'ographic  fiJm is  extremely complex.    Several different 
processes are goii g on at once,   and each is affected in a different manner by 
heat aid moisture,  and other factors.    It is not always easy to predict how a 
given film will react when subjected to unknown conditions of storage and 
handling. 

Re c onime nda ti ons  —_—,  

Film choice. 

The film which shows the least amount of processing and storage 
change should be used.     This,  at present,   is the Type  A .cellulose acetate 
butyrate base.    When it becomes available for aerial film,  Ou Pont    Cronar 
should show some impro ement over other bases. 

The two rolls intended for stereophutography should be cho««n from 
the same emulsion lot. 

Making the photographs 

Dimensional errors tn aerial nrgames c*at«4 by lMiM4lty «r 
thermal expansion may be reduced by prtnting |or me«sart«g lb» »o§atl<fl 
in an air conditioned labor alary,  prrlerabl> «I «bout 70oFt «si *0 ^erceM 
relative humidity,  and by thermosuttng the tamerss «I lb« Ml l»mp»f»* 
ture.    Ideally, the negative should be in eqatlibriom witb *ir «I UM» ni> U 
pcrature and relative humidity at the time uf printing or meas•«em«*« •• •« 
the instant of exposure.    Film is in equUibnam wilfc atr at a^tMsmaielt 
SS-bO percent relative humidity when packe« «n atrHlgbl ltape4J <*••• Mi wtIS 
change very little in the camera if expoaarea are ma4a in rapM •acce**»«« 
however,  temperature changes maide the camara caMWI ba p»t>ale< ••«efS 
by some method of automatically controlled beatiaf.   CamplaMlf Air»««»» 
ditioned cameras,  whtrh proMde both temperature and relal«%a IhMMiNf «••• 
trol,  have been used quite sutctssfally.  in the recent psal.    OMsaaaMMl 
errors have been reduced considerably b> this matbai« aa «all aa mtrbilgl 
by static electricity. 

Processing 

Film should be processed at normal temperature« * *a.70aF.    If 
should be subjected to as little tension as possible, especially wlula ••!,  at« 
should be dried at a relative humidity •>! about M) percent, and lemperaiur« 
not in excess of  8C«0F. 

Handling 

Film should be handled gently,  and,  insofar as possible,  both rolls 
intended for stereo photography should receive identical treatment. 
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Storage 

Since access to air increase« ahrtficfe —"Cra«ftr' fosetfclf 
cxcepted—film should be stored tn ••«led caas before aai after ••# mti 
processing.    Heat also speeds sfertiüuge. iliereiore Ulm tftaaM kt 
in a cool place.    Both rolls ol a stereo pair m««! W si«r«4 «satfor 
conditions,  both before and alter proc•••««(• 

I.» 

1.   CaUMa«.  J. M..  If4tt   TW 
ol moiio< pictors Uim* 

>*•* Ok«««** 
.•♦ 
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SPECinCATlQNS OR OTHER I ATA 
FOR ANY PURPOSE OTHRR TRAM IN CONNECTION WITH A DEFINTTELY R LATEO 

OOVERNMBWr PROCURBMBNT OPERATION, THE U. 8. OOVBRNMENT THEREBY INC RS 
NO RBSPOMUHUTY, NOR ANY OBUOAT10N WHATSOEVER; AND THK. FACT THAT T .£ 
OOVERNMBNT MAY HAVE FORMULATED, FURNBHKD, OR IN ANY WAY SUPPLIED T)l£ 
SAID DRAWINQS, SPECIFICATIOMS, OR OTHER DATA B NOT TO BE REGARDED BY 
IMPLICATION OR OTHERWISE AS IN ANY MANNER LICENSING THE HOLDER OR ANY OTHER 
PERSON OR CORPORATION, OR CONVEYING ANY RIGHTS OR PERMISSION TO MANU* ACTURF, 
USE OR SELL ANY PATENTED INVENTION THAT MAT IN ANY WAY BE RELATED TH 2RETO. 
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